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Abstract. Let {H, a) be a coquasitriangular Hopf algebra, not necessarily 
finite dimensional. Following methods of Doi and Takeuchi, which parallel 
the constructions of Radford in the case of finite dimensional quasitriangular 
Hopf algebras, we define Her, a sub-Hopf algebra of i?", the finite dual of 
H. Using the generalized quantum double construction and the theory of 
Hopf algebras with a projection, we associate to H a. braided Hopf algebra 
structure in the category of Yetter-Drinfeld modules over H^°^ . Specializing to 
H = Shq (N), we obtain explicit formulas which endow SL^ (N) with a braided 
Hopf algebra structure within the category of left Yetter-Drinfeld modules over 
!7°'"(sliv)™P- 



1. Introduction 

The Drinfeld double construction plays an important role in the theory of mini- 
mal quasitriangular Hopf algebras since the Drinfeld double of a finite dimensional 
Hopf algebra is minimal quasitriangular. Conversely, any minimal quasitriangular 
Hopf algebra is a quotient of a Drinfeld double [15]. This second statement is a 
consequence of the following facts. If {H, R) is a quasitriangular Hopf algebra then 
from an expression for R ^ H ® H oi minimal length, one can define two finite 
dimensional sub-Hopf algebras of H, denoted by and R[r), respectively, and 
there is a quasitriangular Hopf algebra morphism between the Drinfeld double of 
R(i) and H whose image is Hn = R(^i-^R(^r)j the minimal quasitriangular Hopf al- 
gebra associated to {H, R) . Note that there is an isomorphism R*^i°^ = and 
this isomorphism, together with the evaluation map, gives a skew pairing from 

^ R{1) to k. 

Now suppose that (iJ, a) is a coquasitriangular Hopf algebra, not necessarily 
finite dimensional. The analogues of the Hopf algebras and denoted by Hi 
and are, in general, infinite dimensional sub-Hopf algebras of H^, the finite dual 
of H, and HrHi = HiH,. is a sub-Hopf algebra of denoted by H^. In general, 
there is no analogue to the isomorphism R*^i°^ = R{r)i but the coquasitriangular 
map a induces a skew pairing on Hr®Hi. Although the classical Drinfeld double is 
not available in this setting, there exists a generalized quantum double, in the sense 
of Majid [13] or Doi and Takeuchi [5], for Hopf algebras in duality, so that the skew 
pairing between and Hi gives a generalized quantum double, denoted D(Hr, Hi). 
In general, D{Hr,Hi) has no (co)quasitriangular structure (see Proposition l2.8l and 
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Remark 15 .4^ : however, there is a surjective Hopf algebra morphism from D{Hr, Hi) 
to Ha given by multipUcation in H'^. Note that, if {H,a) is finite dimensional 
then Ha = H'^, the minimal quasitriangular Hopf algebra associated to {H*,R), 
where R is the matrix of H* obtained from a. Thus, in the finite dimensional case, 
{Ha,R) is quasitriangular. In the infinite dimensional case, neither H^ nor iJ" is 
guaranteed a quasitriangular structure. 

Drinfeld j6] observed that for a finite dimensional quasitriangular Hopf alge- 
bra H, its double D{H) is a Hopf algebra with a projection. Majid [TU] proved 
that the converse of Drinfeld's result also holds, and computed on H* the braided 
Hopf algebra structure associated to this projection [16]. Here, for {H,a) coquasi- 
triangular but not necessarily finite dimensional, using the evaluation pairing, we 
construct the generalized quantum double D{H™'^ , H). In the finite dimensional 
case, if™P = (7J^)'^°P has a quasitriangular structure and there is a Hopf algebra 
morphism from D(ff™P, H) to i?™P covering the natural inclusion, so D{H^°p, H) 
is a Hopf algebra with a projection. We show that, for H not necessarily finite 
dimensional, D{H^°p , H) is still a Hopf algebra with projection, and we describe 
explicitly the induced structure on of a braided Hopf algebra in the category of 
left Yetter-Drinfeld modules over i?™P. 

This paper is organized as follows. In Section [2l Preliminaries, we first define 
pairings and skew pairings on Hopf algebras and give the construction of the gener- 
alized quantum double. Coquasitriangular Hopf algebras give important examples 
of Hopf algebras with a skew pairing. As well, we describe the structure of a Hopf 
algebra 21 with projection (see 16J), so that 21 is isomorphic to a Radford biproduct 
B X IC, where _B is a braided Hopf algebra in the category of left Yetter-Drinfeld 
modules over /C. 

In Section [3l we first work in a rather general context. For U, V bialgebras 
such that there is an invertible pairing from U ®V to k, we show that there is a 
projection from D{U'^°p ,V) to C/'^°p covering the natural inclusion if and only if 
there is a bialgebra morphism 7 : ^ [/cop satisfying a relation analogous to the 
coquasitriangularity condition for a skew pairing. (See also [5] and ^7\.) Now if 
U, V are Hopf algebras with an invertible pairing and 7 exists as above, then V has a 
Hopf algebra structure in the category of left Yetter-Drinfeld modules over U^°p . We 
describe this structure explicitly. For example, if {U, R) is quasitriangular, then such 
a map 7 exists. Then, for H finite dimensional we prove that there is a projection 
TT : D{H) = D{H*''°P,H) i/*™P covering the inclusion i/*™P ^ D{H) if and 
only if H is coquasitriangular (Proposition I3.9P . A fortiori, H has a braided Hopf 
algebra structure. Moreover, this structure allows us to obtain the left version of 
the transmutation theory for coquasitriangular Hopf algebras (Remark 14.31) . 

The transmutation theory for coquasitriangular Hopf algebras is due to Majid 
[TT] . Using the dual reconstruction theorem, he associated to any coquasitriangular 
Hopf algebra {H,a), a braided commutative Hopf algebra _ff in the category of right 
i/-comodules, called the function algebra braided group associated to H. In Section 
14.11 we show that _ff can be obtained by writing a generalized quantum double as a 
Radford biproduct using the projection tt : D(H,H) — » H given by multiplication 
in H. To this projection corresponds a braided Hopf algebra H_ in the category 
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of left i/-comodules. By considering the co-opposite case, we obtain, after some 
identification, that ( jjcop -)cop _ braided Hopf algebras (Proposition [Tall- 

in Sect ion we describe the "dual case" , and show that D{H^°p, H) is always a 
Hopf algebra with a projection. This follows from a more general construction where 
we take A and X to be sub-Hopf algebras of H , H^^ and Hi^ the corresponding 
sub-Hopf algebras of Hj. and Hi respectively, and Hx,a the corresponding sub-Hopf 
algebra of H^. Then there is a Hopf algebra projection from D{H'^^\, X) to i?™^ 
which covers the inclusion. We stress the fact that this "dual case" give rise to a new 
braided Hopf algebra structure on X (denoted by X) in the category of left i?™^ 
Yetter-Drinfeld modules. This new construction cannot be viewed as an example 
of the transmutation theory because the transmutation theory associates to an 
ordinary coquasitriangular Hopf algebra a braided Hopf algebra in the category of 
corepresentations over itself. We show that, in fact, the two constructions above 
are related by a non-canonical braided functor. More exactly, we show that there 

exists a braided functor F : '^fop'^D such that ¥(X)= X (Theorem QUI) . 

Nevertheless, we think it worthwhile to have the construction of X_. This is first of 
all because X lies in a category of left Yetter-Drinfeld modules over H'^x \ which, in 
general, may not have a quasitriangular structure. (See the example in Section [5]). 
Secondly, this is because evaluation gives a duality between Hx,a and X and the 
associated quantum double, D[H'^^\,X), is isomorphic to X x H'^x\- 

In Section[5]we present the finite dimensional case in full detail, linking the results 
of this paper to those of Radford described above. Also, we note that starting with 
a finite dimensional quasitriangular Hopf algebra [H, R) and taking A = X = H* 
then the corresponding braided Hopf algebra H* is precisely the categorical dual of 
g'^°P , the associated enveloping algebra braided group of (77'^°p, i?2i) constructed 
by Majid in [12] (Remarks [5^ . 

Finally, in Section [6l we apply the constructions of Section l4?2l to the coquasitri- 
angular Hopf algebra H := SLg(iV). By direct computations we show that Hi and 
Hr are the Borel-like Hopf algebras Uq{b+) and f/g(b_), respectively, associated 
to U°^^{s\n), and obtain that H^ = U°'^^{s\n)- The general theory above leads 
to more conceptual proofs for some well known results. Namely, there exist dual 
parings of the pairs of Hopf algebras Uq{b+y°P and (7g(b_), Ug^^{slN) and SL^(A^), 
and Uq{slN) and SLq{N), respectively (CoroUarv 16.111 and Corollary I6.14p . and 
Uq^^{s\N) and Uq{s\N) are factors of generalized quantum doubles (CoroUarv 16. 121 
and Remark I6.13p . Also, the Hopf algebra structure of [/^(sljv) is achieved in a 
natural way (Remark l6.9l and Remark l6.13p . The rest of the Section [6] is dedicated 
to a description of the braided Hopf algebra structure of SLq{N) in the category 
of left (7^'^'(sljv)'^°P Yetter-Drinfeld modules. The explicit formulas for this braided 
Hopf algebra structure can be found in Proposition 16. 161 and Theorem 16. 171 

Concluding, the general results in this paper have led not only to some properties 
of the couple {Uq^^{slN),SLq{N)) well known in quantum group theory, but also 
to some new ones. Namely, SLq{N) has a braided Hopf algebra structure in the 
category of left Yetter-Drinfeld modules over [/°'^*(s1jv)'^°p which coincides with that 
of the image of the transmutation object of SL,(7V) through a non-canonical braided 
functor, and the corresponding Radford biproduct is isomorphic to the generalized 
quantum double associated to this dual pair. 



4 



MARGARET BEATTIE AND DANIEL BULACU 



2. Preliminaries 

Throughout, we work over a field k and maps are assumed to be /c-hnear. Any 
unexplained definitions or notation may be found in [3], [5], [H]) [H] or [T5] . 

For B a fc-bialgebra, we write the comultiplication in B as A(6) = hi®b2 for b G B. 
For 9Jl a left ;B-comodule, we write the coaction as p{m) — m_i ®mo. For 97t a right 
i3-comodule, we will use the subscript bracket notation to differentiate subscripts 
from those in comultiplication expressions, i.e. we will write p(m) — m(o) 0111(1) for 
m e 971. For fc-spaces OJt and 9^, tw will denote the usual twist map from 3Jt 

to m^m. 

2.1. Pairings on Hopf algebras and the generalized quantum double. We 

first recall the definition for two bialgebras or Hopf algebras to be in duality (see 
[2T| Section 1] or [13, Section 1.4]); this notion was first introduced by Takeuchi 
and called a Hopf pairing. 

Throughout this section U and V will denote bialgebras over k. 

Definition 2.1. A bilinear form (, ) : U ®V ^ k is called a pairing of U and V if 

(2.1) {mn,x) ^ {m,xi){n,X2), 

(2.2) {■m,xy) = {■mi,x){m2,y), 

(2.3) (l,a;} = e(x), (to,1} = e(m), 

for all m,n E U and x,y E V. Then U and V are said to be in duality. 

Remarks 2.2. (i) A bilinear form from [/ ® to fc is called a skew pairing if it is a 
pairing from U'^°p to k or, equivalently, a pairing from U V°p to k. 

(ii) The form (, ) is a pairing of U and V if and only if there is a bialgebra 
morphism ip : U ^ V'~' , defined by (j){u){v) = {u,v), if and only if there exists a 
bialgebra morphism ip : V ^ U'^ defined by i/j{v){u) = {u, v). li U and V are Hopf 
algebras, these maps are Hopf algebra maps. 

(iii) If U and V are Hopf algebras and (, ) is a pairing of U and V, then this 
bilinear form is invertible in the convolution algebra Hom(C/ V, k) and its inverse 
is the bilinear form which maps wS) v to {Su{u), v) — {u, Sv{v)) . 

(iv) If (, ) is a (skew) pairing between U and V, then there is a (skew) pairing 
between the sub-bialgebras 0(f7) C and ip{V) C defined by the bilinear form 
B : (/>([/)«) V(F) ^ fc, 

Biq^iu),^iv)) = {u,v). 
The form B is well-defined since 4'{u) = </>(«') if and only if {u, —) = {u', —) and 
ip{v) = ip{v') if and only if (— , w) = (— , w'). It is straightforward to check that B is 
a (skew) pairing. 

(v) If (, } is a pairing of the bialgebras U and V and il C [/, 5J C are sub- 
bialgebras then the restriction of (, ) to il ® 21 is a pairing of it and 2J. As above, 
the bialgebras 0(il) and ?A(2J) are also in duality. 

Example 2.3. For H a bialgebra, then the evaluation map provides a duality 
between the finite dual of H, and H, that is, (/, h) = f{h) for all / e and 
heH. 

Another class of examples for bialgebras in duality is provided by coquasitrian- 
gular bialgebras, also called braided bialgebras. This concept is dual to the idea of 
quasitriangular bialgebras (see j8] or [13] for the defintion) . We recall the notion of 
coquasitriangularity. 
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Definition 2.4. A bialgebra H is called coquasitriangular (CQT for short) if there 
exists a convolution invertible fc-bilinear skew pairing a : H (E) H k, i.e., for all 
h, h',g e H, 

(2.4) <j(hh',g) = <j(h,g^)a{h',g2) 

(2.5) a{g,hh') - a{g2, h)a{gi, h') 

(2.6) cr(l,/i) = a{h,l)=s{h), 

which also satisfies the coquasitriangular condition, 

(2.7) a(/ii,/i'i)/i2/i2 = h[hicr{h2,h'^). 

Remarks 2.5. (i) Doi [1] showed that for {H,a) a CQT Hopf algebra, one may 
define an invertible element v £ H* by 

(2.8) v{h) = a{hi,S{h2)) with inverse v-\h) = a{S^{hi), h2), 
and 

(2.9) S^{h) = v-^{hi)h2v{h3), y heH. 

Similarly, the element u e H* defined by u{h) — a{h2, S{hi)), is invertible with 
inverse u~^{h) = cr(S'^(/i2), hi) and also defines the square of the antipode S oi H 
as a co-inner automorphism of H, i.e., S'^{h) — u{hi)h2U~^ {h^) , for all h ^ H. In 
particular, the antipode S* is bijective. 

(ii) Let {H, a) be a CQT bialgebra. Then tr is a convolution invertible pairing 
between H and and also between H'^°^ and i/. 

(iii) Clearly any sub-bialgebra of a CQT bialgebra (iJ, a) is CQT. 

(iv) If {H,<7) is CQT, then so are (i?°P,cr-i) and (iJ'^"?, (j-i) where, if is a 
Hopf algebra, = a o (Sh ® Idn) = a o {Idn ® S*^^) is the convolution inverse 
of (7 4, 1.2]. Moreover, {H,a2i = o tw) is another CQT structure for H, so 
that (iJ°P, (721 ■■=cro tw) and (i?™P, crai) are CQT also. 

Let S, i3 be bialgebras and p an invertible skew pairing p : 58 (g) i3 ^ /c. We 
now define the bialgebra (Hopf algebra) structure on 05 to be studied in this 
paper. We follow the presentation in [5J. 

For A a bialgebra, an invertible bilinear form r on A is called a unital 2-cocycle 
if for all a,b,c £ A, 

T{ai,bi)T{a2b2, c) = t(5i, ci)T(a, 62C2) and T(a, 1) = 'r(l, a) = e(a). 

If r is a 2-cocycle on A, then we may form A"^ , the bialgebra which has coalgebra 
structure from A but with the new multiplication 

a • 6 = T{ai,bi)a2b2T^^{a3, 63). 

It is shown in [5] that since p is an invertible skew pairing on S^io, then the bilinear 
form on *8 (g) ^ defined by T(fa (Xi t), fa' (Xi f)') = e{b)p{b' , i))e{[)') is a unital 2-cocycle. 
Then we may form the bialgebra (*B (X io)"^. As a coalgebra, (g) S))'^ = 5B(8)io, 
the unit is 1 (8 1, and the multiplication is defined by 

(2.10) (fa (g> f))(fa' (g> [)') = p(fa'i, t)i)p-l(fa^, t)3)fafai ® [)2f)'. 

For Hopf algebras with bijective antipodes, the inverse of p as a skew- 

pairing on «B 0i3 is given by p^\b,i)) = p{S<sib),l)) = p{b,S~^H))). Then («B (g) 
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SjY, also often denoted by OS txi,- i^, has antipode given by 
5(b®l)) = {1 CS> Ss,m • {S<B{b) ® I) 

(2.11) = piS^ib3),SM)p'\S^{bi),S^H)i))S^ib2)^Ss^H)2). 

This construction is a special case of the generalized quantum double (see |131 
Chapter 7]) for matched pairs of Hopf algebras. 

Definition 2.6. We denote (05 ® SjY by D{^,Sj) and will refer to this bialgebra 
(Hopf algebra) with multiplication as in (I2.10p , coalgebra structure from the tensor 
product g)^, and antipode as in (|2.1ip as a generalized quantum double. 

In fact, in many of our constructions, we will begin with a pairing (, ) : U(E>V — s- k 
which is then a skew pairing p from U'^°^ iSi V k. Then, continuing to write 
subscripts in U, and using the fact that {S^^{m), Svix)) = {m,x), we have that 
the formulas for the multiplication, comultiplication and antipode in £)(J7'^°p, V) 
are given by 

(2.12) (to (g) x) (n (g) y) = {nz,xi){S^'^{ni),xz)mn2®X2y 

(2.13) A(to x) — (to2 g) xi) g) (mi ® 2/2) 

(2.14) S{m®x) = (TOi,a;3)(77i3,S'y\a;i))S'^\m2)®S'v(x2). 

Example 2.7. (cf. 7.2.5]) If 7? is a finite dimensional Hopf algebra, then H* 
and H arc in duality via the evaluation map as mentioned above and the double 
D{H*'^°P , H) is the usual Drinfcld double, denoted in this case by D{H). 

It is shown in [13] that if {H, a) is CQT, so is the double {H (g. Hy ^ D{H, H), 
where r is the unital 2-cocycle oti H ® H defined by the skew-pairing a. 

The next proposition shows that this generalizes to D(S,i3) where 53, are 
CQT Hopf algebras. 

Proposition 2.8. Let 5B,i3 he Hopf algebras, p : ^ ® f) ^ k a skew pairing, and 
D = D{^,?)) = (*B ® f)Y the generalized quantum double of Definition \2.6l Then 
D is CQT if and only if 58 and Sj are. 

Proof. Since sub-Hopf algebras of a CQT Hopf algebra are CQT, then if D is CQT, 
so are 05 and Sj. 

Now suppose that (05, a-<s) and cr^j) are CQT. Then we form the CQT Hopf 
algebra {A, cr) = (S g) Sj, {a<B cr^) o {Id<s (g) to g) Idsj j). From the above discus- 
sion, T:A(giA^fcisa unital 2-cocycle, where r(b g) f), b' ® [)') = e(b)p(b', [))e(()'). 
Then by [H P-61 (2.24)], A'' is CQT via the bilinear form lo defined by w(a, a') = 
r(ai, Oi)(t(o2, a'2)T~-^(a3, a'3). Specifically, {D = A'^,uj) is coquasitriangular where 

Lo{b ® t), b' ® t)') = p(bi, i)[)a<s{b2, b'i)afl(t)i, f)^)p(5<8(b^), [52). 

(By using (|2.7p for p generously, one can even check the coquasitriangularity con- 
ditions (123) to for uj directly.) □ 

Next we show how the doubles D{U''°p,V) and D{cl){U''°P),tp{V)) are related. 

Lemma 2.9. Let U,V be Hopf algebras and (,) a pairing of U and V. Then 
4>{U) C and i^iV) C [/" are also Hopf algebras with a pairing B on (j){U)®'4'(V) 
defined by B{(l){u),ip{v)) = {u,v). Then g) V' : D{U''°p,V) i:»(0(f/™P), ^/'(F)) 
is a surjection of Hopf algebras. 
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Proof. From Remarks E2] and the fact that (j) ip : ?7™p •»¥ (/)([/™p) (g> ■)p(y) 
is a Hopf algebra surjection, it remains only to show that (j) respects the 
multiplication in the double. This can be checked by a straightforward compu- 
tation, or by noting that for D{U''°p,V) = ([/'^"p (g) Vy and L»(0(J7™p), V(^)) = 
(0(C/™P) ® ^{V jy for cocycles r, r' as above, then r(m ® cc, n (g) y) = T'{(f>{m) (g) 

2.2. Hopf algebras with projection. Let be a bialgebra. Recall that a left 
Yetter-Drinfeld module over /C is a left /C-module 971 which is also a left /C-comodule, 
such that the following compatibility relation holds. For all k e and m G M: 

(2.15) Kim_i (g) K2 • mo = (ki • m)_iK2 18 (ki ■ m)o, 

where Ar(X)9Jt9K(X>mi">K-me9Jlis the left /C-action. The category of left 
Yetter-Drinfeld modules over K, and fc-linear maps that preserve the /C-action and 
/C-coaction is denoted by ^yO. 

The category ^yD is pre-braided. If 071, 'lH G ^yO then 971 (g) OT is a left Yetter- 
Drinfeld module over K, via the structures defined by 

(2.16) K • (m (8) n) = Ki • m (g) K2 • n and m (g) n i— > m_in_i mo ® no, 
for all K e /C, m e 971 and n S ^. The pre-braiding is given by 

(2.17) COT,m(m ® n) = m_i • n mo. 

If AC is a Hopf algebra then c is invertible, so j^3^-D is a braided monoidal category. 
The structure of a Hopf algebra with projection was given in |16) . More precisely, 

i 

if K- and 21 are Hopf algebras with Hopf algebra maps K- ^ '' 21 such that tt o i = 

Id]c, then there exists a braided Hopf algebra B in the category of left Yetter- 
Drinfeld modules '^yD such that 21 = i? x AC as Hopf algebras, where B x JC 
denotes Radford's biproduct between B and K. (for more details see [T6]). 

As fc-vector space i? = {a € 21 | ai (g) 71(02) = a ® 1}. Now, i? is a AC-module 
subalgebra of 21 where 21 is a left AC-module algebra via the left adjoint action 
induced by i, that is k >i a = i{Ki)ai{S{K2)), for all k G AC and o G 21. Moreover, 
B is an algebra in the braided category j^J^-D where the left coaction of AC on i? is 
given for all 6 G by 

(2.18) Ab(6) =^(61)062. 

Also, as fc-vector space, B is the image of the fc-linear map H : 21 ^ 21 defined 
for all o G 21 by 

(2.19) H(a) = aii(5(7r(a2))). 
For all a G 21, we define 

(2.20) A(H(a)) =H(ai)(8)H(a2). 

This makes B into a coalgebra in '^yO and a bialgebra in ^yD. The counit of 
-B is e = e \b- Moreover, we have that i? is a braided Hopf algebra in '^yO with 
antipode S_ given by 

(2.21) S{b) = t{Tr{bi))S<^ib2), 

where S'a is the antipode of 21. 

The Hopf algebra isomorphism x '■ S x AC ^ 21 is given by 

(2.22) xib X k) = bi{K), 
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for allb G B and k G IC. 

Note that the description of a Hopf with a projection in terms of a braided Hopf 
algebra is due to Majid [H]. 

3. Generalized quantum doubles which are Radford biproducts 

It is well-known (Majid [TD]) that if is a finite dimensional Hopf algebra, then 
the Drinfeld double D{H) is a Radford biproduct. In this section, we give necessary 
and sufficient conditions for a generalized quantum double D — D{U'^°p ,V) to be 
a Radford biproduct B x [/'^°p, and determine the structure of i? as a Hopf algebra 

in }^:Zyv. 

Suppose first that U and V are bialgebras in duality with (, } : U (E) V k 
an invertible pairing, so that p = (, ) is an invertible skew pairing on [/™p (g) V. 
We form the generalized quantum double D = D{U'^°p ,V) as in Subsection 12.11 
There are bialgebra morphisms i : U'^°p D{U'^°p, V) given by i{m) = m (8> 1 and 
j :V ^ D{U''°P, V) given by j{x) = l(g>x. 

Proposition 3.1. Let U,V be as above. 

(i) There exists a bialgebra projection vr from D = D(U'^°p, V) to 11'^°^ that splits 
i if and only if there is a bialgebra map j : V ^ [/cop sy^/i that for all y G V , 
m G U , we have 

(3.1) 7(2/)™ = P~^{nT'i,y3)p{ni3, yi)m2j{y2)- 

(ii) Similarly, there exists a bialgebra projection from D to V that splits j if and 
only if there is a bialgebra morphism fj, : 11'^°^ — > V such that for all y V,m U , 
we have 

(3.2) ypijn) = p~^{mi,y3)p{m3, yi)fi{m2)y2- 

If U, V are Hopf algebras, then these maps are Hopf algebra morphisms. 

Proof, (i) Suppose that there is a bialgebra morphism j : V ^ [/cop satisfying 
p.ip . Define tt to be 7r(m (g) x) = mj{x), for all m € J7 and x € V. Then for 
m G U, we have that tt o i(m) = 7r(m (E) 1) = 7717(1) = m. Furthermore, by [5l 
2.4] with B = J = C/'^°P, H = V, a = Idjj, /? = 7, we have that tt is a bialgebra 
morphism. 

Conversely, given tt, define 7 by 7 = tt o j where j : V D{U'^°p, V) is defined 
by jix) = 1 (E) X. Then, since tt, j are bialgebra maps, so is 7. To verify that p.ip 
holds, we compute 

7(y)m = {-Koj){y)m 

= 7r(l ® 7/)7r(m 1) = 7r((l ® 7/)(7)7, (g) 1)) 

= P"^(?77l,7;3)p(?773,yi)77727(y2)- 

(ii) The proof of (ii) is analogous. □ 

Example 3.2. (cf. |5j 3.1]) Let a be an invertible skew pairing on a bialgebra H 
and form D{H,H). Then the identity map Idn satisfies (|3.1|) if and only if {H,a) 
is CQT if and only if the multiplication map vr : D{H, H) H, Ti{h (E I) = hi is a 
bialgebra map. 

Example 3.3. In the setting of Proposition 13.11 if V is quasitriangular via R — 
E) € V (EV, then the map tt : D(C/™p,1/) -> V defined by 71(777 E) x) = 
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{m, R^)R^x is a bialgebra projection. Here the map /i : 11'^°^ V is given by 
//(to) — {m,R^)R^. (The details can be found in O 2.5].) 

Likewise, if U is quasitriangular with the i?-niatrix R = R^ ® R^ ^ U (E)U, then 
TT : D{U''°P,V) C/™P defined by Tr{m (g) x) = {R^,x)mS{R^) is a Hopf algebra 
projection. In this case the map 7 : — > U'^°p is given by 7(2/) = (i?^, y)S{R^). 

Remarks 3.4. (i) In later computations we will use that ()3.ip is equivalent to 

(3.3) p{mi,y2)j{yi)m2 = p(m2, ?;i)toi7(?;2). 

If m ~ ■y{x), X E V , then (|3.ip becomes 

(3-4) p{-f{x2), y2h{yi)i{xi) = p{i{xi),yi)i{x2)i{,y2)- 

(ii) Note that if the above map 7 : ^ — > f7'^°P is injective then the map a : 
V ®V ^ k defined by cr{x,y) = p{"f{x),y) — {■y{x),y) gives V a CQT structure. 
The relations (|2.4[) . (|2.5p . (|2.6p are easy to check and (|2.7p is equivalent to 

(7(2^1), 2/i>a;2y2 = (7(2^2), 2;2)2/ia;i. 

This equation holds if and only if it holds when the injective map 7 is applied to 
both sides, i.e., when p.4p holds. 

If U, V are Hopf algebras with bijective antipodes, then for p a skew pairing from 
jjcop (g) y to A:, we have p'^{m,x) = {S^^{m),x) — (to, S'y^(a;)). In this case, we 
have the identities below which are useful in the following computations and also 
provide generalizations of the equations describing the square of the antipode in 
Remarks I2.5r i) . 

Proposition 3.5. Let U, V be Hopf algebras in duality and assume that there exists 
a map 7 as in Provosition \3 . 1\ Then: 

(i) The map d E V* defined by di^x) — {'-^{xi), Sv{x2)) , for all x E V , is 
convolution invertible with d^^{x) — {'^{Sy{xi)),X2) ■ Moreover, for any 
xEV, 

(3.5) -i{SUx)) ^ ^-\x^)^{x2)^{x^). 

(ii) Similarly, the map v eV* defined by v{x) = (7(2:2), Sv{xi)) , for all x eV , 
is convolution invertible with v^^{x) = {'-^{Sy{x2)),Xi) . In addition, for all 
xeV, 

(3.6) l{SUx)) = v{x^)^{x2)v-\x^). 

Proof. We only sketch the proof for (i); the rest of the details are left to the reader. 
For all X € y we have 

■d{xi)-i{Sy{x2)) = (7(2:3), S'y(a;4))7(a;i)7(S'y(a;2))7(<S'y (0:5)) 

{l{x3),Sv{x4))l{xi)S^^ {-f{Sv{xz))l(x2)) 
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{l{x2), Sv{x5))l{xi)S^j {-i{xy,)^{Sv{xi))) 



= {l{x2),Sv{x:i))-^{xi) ^-^{xi)d{x2), 
and, in a similar manner, one can prove that 
(3.7) -i{Sl{xi))-&-\x2) = '&-\xi)^{x2). 

Now, for X eV , using the fact that 7 : ^ [/cop jg jjopf algebra map, we have 
d{xi)d-\x2) = i){x^){-f{Sl{x2)),x:i) - d[x2){l{xi),x:i) 

= (7(a;2),S'y(a;3)) (7(2:1), a;4) = (7(2:1), -Sy (2:2)2:3) = e{x). 
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Similarly, using p.7p we can show that ■& ^{xi)-d{x2) — £{x), so we are done. □ 

Now suppose that U, V are Hopf algebras with bijective antipodes and we have 
a Hopf algebra projection tt from D{U'^°^ ,V) to U'^°p that splits i. Then there 
exists a Hopf algebra B in the category of Yetter-Drinfeld modules ^^copJ^-D such 
that D = D{U''°P,V) ^ B X C/™p, a Radford biproduct. From Subsection [221 we 
know that 

B = {a E D \ ai n{a2) = a (g) 1}. 

Proposition 3.6. The map 6 : V ^ B given by 6{y) — 'y{Sy^{y2)) yi — 
^uiliy2)) (S)yi is a bijection. 

Proof. Clearly the map 9 is injective since e o j = e. It remains to show that 
Ini{d) = B. For y E V, we have 9{y) G B since 

e{y)i (g> Tr{e{y)2) = [Su hivi)) ® yi) (E) Tr{Suil{y3)) (E) y2) 

= {Su{i{y2))®yi)®i = 0{y)^i. 

Conversely, suppose that m y £ B, i.e., (to2 (8) yi) (8i mij{y2) — (to ® y) ® 1 S 
D (g) C/™P. Then we have 

m®y = Su{l)m(Ey 

= Su{mi"f{y2))m2<Siyi 

= Su{l{y2))Su{mi)m2®yi 

= eu{m)0{y). 

Similarly, if z ~ '^mi <S> yi £ B, then z = ^^(X] £{'mi)yi)- D 

Now we denote by V_ the vector space V with the structure of a Yetter-Drinfeld 
module induced by that of B. 

Proposition 3.7. The structure of the left U'^°p Yetter-Drinfeld module V_ is given 
by the left action and left coaction 

(3.8) mt>y = {nii, Sy'^{yi))y2{m,2, Sy^iys)) = {m, Sy^ {Sy^ {y3)yi))y2; 

(3.9) Xv{y)^j{Sy\y3)yi)®y2. 

Proof. For m £U and ?/ £ H, we have that ml> y = 9~^{m l>i 0{y)) by Section [2T2l 
and using (|2.12p . (13. ip and the fact that (m,v} = {S^^{m), Sv{v)), we compute 

i{m2)9{y)i{S^^{mi)) 

= (to2 ® l){-/{Sy\y2))®yi){S^\m,) ® 1) 

= mij{Sy^{y4))S^^{m2){S^'^{m3), Sy^iys)) (S) y2{Sj}^{mi),yi) 

^ miSjj\m,MSy'{y3mS^}'im2),Sy\yi)}®y2{S^Hmi),yi) 
= {S^\m^),y^)9{y2){S^\m2),Sy\y3)) 
= {m,Sy\y,)Sy^{y3))9iy2), 
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and this concludes the proof of the formula for the action. We now compute the 
coaction. 

{Idu®e)o\v{y) = {n ® IdD)A{9{y)) 

= {Tr®IdD)A{-f{Sy\y2))(E>yi) 

= U ® IdD){MSy^{yi)) ® yi) ® {l{Sy\yz)) ® ya)) 

= i{Sv^{yM®i(Sv\y^))®y2 
= i{Sy\yM®o{y2). 

for all y G V, and thus the formula for the coaction is also verified. □ 

We now describe the structure of F as a Hopf algebra in the category of left 
Yetter Drinfeld modules over J7'^°p. 

Proposition 3.8. The structure of V_ as a Hopf algebra in the category [;^cop3^2? is 
given by the formulas: 

(3.10) x-y = {'-f{y2),Svixi)x3)x2yi; 

(3.11) A{x) = {j{Svix4)xG),Sy'^{x3)xi)x2(E)X5; 

(3.12) S,{x) = h{x4),xiSvix3))Sv{x2). 
The identity in V_ is 6^^{1 ® 1) = 1 and the counit is £_ — e. 

Proof. To see p.lOp . we compute 

e{x)e{y) = [Su{l{x2))®Xi){Su{l{y2))®yi) 

{l{y2),x:i){Su{i{yi)),xi)Su{i{y3)l{xi)) ®x2yi 

^ {^{ys),x4){Suh{y4)),Xi)Suh{x3h{y2))®x2yi 
= {'y{y2),x3){'y{y3), Sv{xi))e{x2yi) 
= {'l{y2),Sv{xi)x3)9{x2yi). 
Similarly, to verify (|3.1ip . we compute 

A(0(x)) = (n®n)(A(0(x))) = (n0n)(A(5c/(7(x2))®a;i)) 
U{Su{l{x4)) <8) xi) (E> U{Su{j{x3)) ® X2)) 
U{Su{7{x3))(E)Xi)(g)0{x2) 

™ iSuhix5)) ® Xi) {Si}\TriSuh{x4)) ® X2)) ® l) ® 0{X3) 

EIJZU {j{xu),Sy\x4)){S^\i{x,)),Sy\x,)){S^\jixs)),x,) 

x{l{xio),X2)j{Sy^{xi3)Sv{x7)xii) 0{xg) 

Now we use the equivalent form of (13.511 

^-HSv\y2)h{Sy'iy,)) - ^iSviy2))^}-\Sy\y^)), 

to replace {S^\j{xe)), Sy\x5)h{Sv{xr)) by {S^\j{xt)), Sy\xe)h{Sy\x5)), 
and obtain 

A{9{x)) = {-fixi2),Sy\x4)){Sj}\^ixr)),Sy\xe)){S^\jixs)),X4) 

X {^{xio), X2)j{Sy^ {xi3)Sy^ {X5)xii) (E)X3 ®)0{xg). 

From p.4p . we have 

{'y{xi2),Sy'^{x4))j{Sy'^{x5))'^{xii) = (7(xii), S'^^(x5))7(xi2)7(S'y^(x4)), 
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SO we can conclude that 

A{0{x)) = {^{xn),Sy\x5)){S^\j{x7)),Sy\xe)){S^\i{xs)),xi){-f{xio),X2) 

X^{Sy'^{xi3)xi2)^{Sy'^{x4)) 9{xg) 

= {'yixio),Sy'^{x4)){Sj}'^{j{xe)),Sy^{x5)){Su'^{'y{xY)),xi) 

x{'-/{xQ),x2)9ix3) ® e{xs) 
= {l{Sv{x4)xs), Sy^{x3)){'y{Sv{x5)xY), xi)0{x2) ® 9{xfi) 
= {'y{Sv{x4)xe), Sy\x3)xi)e{x2) ® Oix^). 

Finally, we verify p.l2p . From (|2.2ip . we have that 

s{e{x)) = i{7T{e{x),))s{9{x)2) 

= {Su{l{x4)h{xi) (g) l)S'(S',7(7(a;3)) ® X2) 

= {Suh{x4)h{xi) 1)(1 S'v(a;2))(7(a;3) 1) 

= ('S'y^(7(a^7)),<S'v(a;2))(7(2;5),'S'y(a;4)}S';7(7(a^8))7(2;i)7(a^6) ® Svixs) 

= (7(2:7), a;2)(7(a;5), <S'y(a;4))S't/(7(x8))7(a;i)7(x6) Svixs)- 

By p.4p we can replace (7(a;7), a;2)7(a;i)7(x6) by (7(a;6), a;i)7(x7)7(a;2) and we 
obtain 

S{9{x)) = {'y{xe),xi){j(x5),Sv{x4))Su{'j{x8)h{x7)'y{x2) (S) Sv(x3) 

= {l{x6),Xl){j{x5), Sv{x4))'-f{x2) ® Sv{x3) 

= {'-f{x5),xiSv{x4))Su{j{Sv{x2))) 5*^(2:3) 

= {'j{x4),XiSv{x3))0{Sv{x2))- 

The final statement is clear. □ 

We noted in Example 13.31 that if V is quasitriangular then D{U'^°p, V) is a Hopf 
algebra with a projection. So for V = [H, R) a finite dimensional quasitriangular 
Hopf algebra and U — H* we obtain Drinfeld's projection [6], and by an analogue 
of Propositions [5771 and the structure of H* as a braided Hopf algebra in 1^3^!? 
computed by Majid in |20j. (In fact, it can be proved that this braided Hopf algebra 
lies in the image of a canonical braided functor from to ^yD.) On the other 
hand, if [/ = H* is quasitriangular, and V = H , then we have the following. 

Proposition 3.9. Let H he a finite dimensional Hopf algebra. Then there ex- 
ists a Hopf algebra projection n : D{H) — > H*'^°^ covering the natural inclusion 
fj*cop ^ D{H) if and only if H is CQT. Moreover, if this is the case, then tt is a 
quasitriangular morphism. 

Proof. Suppose {H,a) is CQT and let {ei,e*} be a dual basis for H. Then H* is 
quasitriangular with i?-matrix R = J2 ^i'^ii ej)e* . Since D{H) = D{H*^°'^, H), 

from Example 13.31 the map tt : D{H) fj*cop giygj]^ j-jy 

TT{h* (g)h)^Y^ cr{e^, ej)e^ {h)h* {e' o 5) = ^ a{e,,h)h*{e' o S), 

for all h* e H* and /i e iJ, is a Hopf algebra morphism which covers the inclusion 
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Conversely, if such a morphism exists, then by Proposition 13.11 there exists a 
Hopf algebra morphism j : H ^ ff*cop satisfying 

{hl,X2)'y{xi)h^ = {h^,xi)hl'y{x2), 

for all X £ H and h* G H* , where (, ) : H* ^ fc is the evaluation map. It is 
clear that the above condition is equivalent to 

{'l{xi),yi)x2y2 = {'y{x2),y2)yixi, 

for all x,y € H. Now, if we define a{x, y) — (7(2;), y), for all x,y ^ H, then one can 
easily check that a defines a CQT structure on H (see also [171 Theorem 3.3.14]). 
Finally, the canonical i?-matrix of D{H) is R = ^{e® et) ® (e' ® 1). So if {H, a) 

i 

is CQT then the above morphism tt is quasitriangular since 

(tt (g) 7r)(i?) = ^a{ej,S~'^{ei))e^ ® e* = ^ cr"^(e-,-, ej)e-'' (g) e\ 

and, from the dual version of Remarks 12 .51 (iv) . the last term defines a QT structure 
for iJ«°P. □ 

For H finite dimensional it is not hard to see that the categories ^.^JpyD and 
HyD^ are isomorphic as braided monoidal categories (the braided structures are 
the ones obtained from the left or right center construction, see ^). The iso- 
morphism is produced by the following functor JF. If (OJt, •,A) e |f*cop3^-D then 
T(dyi) — Tl becomes an object in uyD^ via the structure 

ft, • m = m_i(ft)mo, ■ m® Ci. 

J- sends a morphism to itself. 

By the above identification. Proposition 13.91 and Propositions 13.71 and 13.81 we 
obtain the following which may be viewed as a left version of the transmutation 
theory for CQT Hopf algebras. Further details will follow in Section [4T] 

Corollary 3.10. If H is a CQT Hopf algebra then H has a braided Hopf algebra 
structure, denoted hy H_, within nyO^ ■ Namely, H_is a left-right Yetter-Drinfeld 
module over H via 

X i-^ a;(o) ® a;(i) :— X2 ® S'~"^(xi)S'~^(x3) 

h» X ^ (j{h, S^^ {xi)S'~'^ {X3))X2 = (T2i{S^^{x^)xi, h)x2, 

for all h,x £ H . I£ is a Hopf algebra in HyD^ with the same unit and counit as 
H and 

x-y ^ (j(S(xi)x3, S^'^(y2))x2yi = cr^^^{y2,S{xi)x3)x2yi, 

A(x) = a{S^^{x3)xi, S^^{xq)x4)x2 ® x^ — a2iiS{x4)xQ, S~^{x3)xi)x2 2:5, 

S{x) = a{xiS{x3), S^^{X4:))S{X2) = (T2l{x4:,XlS{x3))S{x2)■ 
Pr00f. We only note that from the proof of Proposition 13 . 91 the Hopf algebra mor- 
phism 7 : iJ ^ fj*cop given in this case by j{h) = Zg-i(,j'), for all h E H. □ 

If B is a bialgebra and IDt is a left Yetter-Drinfeld module over B, then the map 
Rm: M(g)m ^m(g)m, Rm{m ® m') = m'_i • m (g) m[) is a solution in End(«m®3) 
of the quantum Yang-Baxter equation 

R12R13R23 = R2'iRizRi2- 
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Above, we have that y_ is a left Yetter-Drinfeld module over [/'^°p. Then a 
solution Rv G End{V ® V) to the quantum Yang-Baxter equation is given by 

Rv{x®y) = i{Sv{y?,)yi)^ x®y2 

= {l{Sv^{y:i)yi),Sy'^{Sv^{x3)xi))x2 ® 2/2- 

4. COQUASITRIANGULAR BIALGEBRAS AND GENERALIZED QUANTUM DOUBLES 

4.1. Transmutation theory. As was mentioned in the introduction, the braided 
reconstruction theorem associates to any CQT Hopf algebra H a braided commu- 
tative Hopf algebra iJ in the category of right i/-comodules, M.^ . The goal of this 
subsection is to show that _ff can be obtained from the structure of a generalized 
quantum double with a projection. 

Let X and A be sub-Hopf algebras of a CQT Hopf algebra (iJ, a) . Then a 
induces a skew pairing on A (g) X, still denoted by a and the generalized quantum 
double D{A, X) is defined. By (|2Jll it follows that XA = AX, so XA is a sub-Hopf 
algebra of H. From |5l 3.1] the map 

tt' : D{A, X) ^ AX ^ XA, 7r'(a ^ x) ^ ax 

is a surjective Hopf algebra morphism. Although D{H, H) is a Hopf algebra with 
projection, we cannot, in general, make the same claim for D{A, X). Nevertheless, 
XA and X are sub-Hopf algebras of {H, a) , so applying the same arguments we 
find that 

TT : D{AX, X) AX ^ XA, Tr{ax (E) y) = axy 
is a surjective Hopf algebra morphism covering the inclusion map i : AX 
D{AX, X) with the map 7 from Proposition l3 . 1 I being the inclusion of X into AX ~ 
XA. From Propositions Ej] and [3l] for j : X ^ AX and {,) ^ a : AX (g) X k, 
X has a braided Hopf algebra structure in the braided monoidal category xa^^^! 
this braided Hopf algebra is denoted, as usual, by 2L- The structures are given by 

xa>y ^ a{xa, S^^(S^^{y3)yi))y2, 

= 5*"^ (2/3)2/1 ® 2/2, 
x-y ^ (j{y2,S{xi)x3)x2yi, 1 = 1, 
A(x) = (t{S{x4)xq, S^^{x3)xi)x2 ^ X5, e = e, 
S{x) = a{x4,xiS{x3))S{x2), 

for all x,y € X and a ^ A. Next, we show that 2L lies in the image of a canonical 
braided functor from ^ Ai to '^^yD, so this general context reduces to the case 
X ~ A ~ H . We recall some background on CQT Hopf algebras and braided 
monoidal categories. 

For a CQT bialgebra {B, it is well known that its category of left or right 
B comodules has a braided monoidal structure. Namely, if M and 91 are two left 
(respectively right) 05 comodules then 

m®n^ rn_in_i ®mo®nQeB®M®'^ 

defines the monoidal structure oi'^ M and 

(4.1) c<xn^<n -.dyi®"^ ^'^®d}l, can,(n(m ®n) ^ <;(n_i, m_i)no ® mo 
defines a braiding on '^A^, while 

(4.2) m®'^3 m®x\^ 0m(o) ® n(o) ® m(i)n(i) eM®'^®B 
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gives the monoidal structure of and 

(4.3) COT,m : ® ^ 91 (g) OT, COT,<n(m g) n) = ■f(m(i) , n(i))n(o) ® m(o) 

provides a braided structure on (see [3 [13] for terminology). 

We denote by the category of left S-comodules with the braiding in l|4.ip . 

Similarly, is the category of right S-comodules with the braiding defined by 

()4.3p . One can easily see that ^'^ ""'^^^^A^ = A^(^'^), as braided monoidal categories, 
where i?2i = ° tw is the CQT structure of defined in Remarks 12.51 

Secondly, if (S, <^) is a CQT bialgebra and dJl a left S-comodule then 97t is a left 
Yetter-Drinfeld module over B with the initial comodule structure and with the 
S-action defined by 

(4.4) 6 • m := <j(m_i, 6)mo. 

Thus there is a well defined braided functor S{!3,<;) '■ ^'^''''^Ad %yD where i?(b.^) 
sends a morphism to itself. 

Lemma 4.1. In the setting above, the braided Hopf algebra X lies in the image 
of the composite of the canonical functor ('^•'^21 ^Ji4 — > (^^•'^21 ) and the functor 

Proof. We have 

Xx_{x) := x_i ® xo = S^'^{xy,)xi ® x^. 
Therefore the X-action on X_ can be rewritten as 

x>y^ a{x,S^^{y-i))yo = ^"^(x, y_i)a;o = a2i{y-i,x)yo, 
and this finishes the proof. □ 

In general, if C is a braided monoidal category with braiding c then C™ is C as a 
monoidal category, but with the mirror-reversed braiding cm,n = ^^n^m- N^ote that, 
if i? e C is a braided Hopf algebra with comultiplication A and bijective antipode 
S_ then B'^°P, the same object B, but with the comultiplication and antipode 

A'=°P = Cg]g o A and ^'=°p = S'^ 

respectively, and with the other structure morphisms the same as for is a braided 
Hopf algebra in the category C". Now, since the transmutation object iJ is a 
braided Hopf algebra in Ai^ and not we must apply the above correspondence 
X i-^ X^to (_ff'^°P, (T21) rather than {H, a) and thus obtain a braided Hopf algebra 

We can now prove the connection between JJ''°p and TJ. The structures of _ff 
can be found in jl3l Example 9.4.10]. 

Proposition 4.2. Let {H,a) be a CQT Hopf algebra. Then (i/^)™? = ^ as 
braided Hopf algebras in 

Proof. One can easily see that ( ffcop -jcop jg object of Ai^ via the structure 

h 1-^ /i(o) ® — h2® SQiijhz, 
and that its algebra structure within A^(-f^'°') is given by 

h- g = cr(5"^(/i3)ft.i,5i)/i2g2 = a{S{hi)h3, S'(gi))/i252, 
for aU h,geH. Clearly, the unit of ( g^°P )'=°P is the unit of H. 
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Now, by (|4.3p we have that c^^, the inverse of the braiding c of A^(^'°'2i )^ is 
defined by c^"^(j^(n m) = (T(n(i), m(i))m(o) ® n(o). Therefore, the comultiphcation 
of (^H^)™P is given by 

h ^ aiS{hi)he, S-\h3)hi)c-\h5,h2) 

= a((/i2)(i), ^"'((/^i)(i)))c-i((/i2)(o) (/ii)(0)) 

= Cr"^((/l2)(2), ('ll)(2))o-((/l2)(l), (/ll)(l))(^l)(0) » (/l2)(0) 
= hi®h2^ A{h), 

the comultiphcation of _ff . The counit of ( H'^°p Y°p is e, the counit of i/. 

Finally, the antipode of H'=°p is defined by 5:(/i) = a{h4S-\h2), hi)S-\h3), so 
the antipode of ( H'^°p Y°p is given, for all ft, e iJ, by 

Indeed, for all ft G we have 

{SoS-'){h) = a{hiS{he),S-\hr))a{S{h2)h4,S{h))h3 

^ a{h,,S-\hg))a{S{hT),S-\hs))a{h2,he)<j{h4, S{h5))h3 

= (T(ft,i, S'""^(ft7))i;(ft,4)cr(ft2, h5)v^^{hG)h3 

^ aihi,S-\h,))a{h2,S-\h4))h3 
^ a{hi,S-^hs)S~\h4))h2^h, 

as needed. In a similar way we can prove that o S_ = Idu, the details are left 
to the reader. Comparing the above structures of ( gcop -jcop -^j^j^ those of H_ from 

[13] we conclude that( g^°P )'^°P = ^, as braided Hopf algebras in Al^^-'"). □ 

Remark 4.3. From CoroUarv 13.101 we can deduce the left version of the transmu- 
tation theory for a CQT Hopf algebra [H, a) as follows. Observe that there is a 
braided functor Q : ^"■'^^M Hyo" defined by g{m) = Tl but now viewed as 
left-right H Yetter-Drinfeld module via 

ft • m = cr(ft, 5^^(m_i))mo, m ^ p{m) :— mo ® ^^^(m-i). 

Q sends a morphism to itself. 

Now, one can easily see that in Corollarv 13 . 101 lies in the image of the functor 
Q. In other words we can associate to {H,a) a Hopf algebra structure in (^•°')A4, 
still denoted by H_. Note that _ff has the left iJ-comodule structure given by 

X l-> Xh_{x) — X^i Xq = S~^{x3)xi (g) X2, 

for all X £ I£, and is a braided Hopf algebra in (^■'^'AI via the structure in Corol- 
lary (nUHl (In fact, this _ff is the braided Hopf algebra in Lemma HTTl corresponding 
to X = (i?,cr-i).) We can conclude now that f{°P''^°P is the braided Hopf algebra 
in '-^■'^'^M associated to {H,a) through the left transmutation theory. By H_°P'''°p 
we denote H_ viewed now as a Hopf algebra in via 



xoy =: rrLH^ C[i^h{x,v) = a{y-i, X-i)yQXo = a{y2, S{xi)x3)x2yi, 
and the other structure morphisms equal those of iJ . 
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4.2. The "dual" case. Let {H, cr) be a CQT bialgebra, so that tr is a pairing 
from H ® H°P to k and H''°p ® H io k. Then by Remarks [221 we have bialgebra 
morphisms 

(j) : i7'=°P ^ H° defined by 4>ih){l) = cr(/i, 

and 

ip-.WP^ H" defined by = cr(^, ^i)- 

We denote r/i := (j>{h) = a{h, —) and Hy = Im{4>). Similarly, Ih := ilj{h) = (t(— , h) 
and = Im{ili). More generally, if X and A are sub-bialgebras of a CQT bialgebra 
H then we define 

i?,, := ^{X°P) = {I, = (7(-,x) \xeX}. 

Proposition 4.4. Lei {H,a) he a CQT bialgebra (Hopf algebra) and X,A C H 
two sub-bialgebras (sub-Hopf algebras). Then 

(i) Hi^ and Hr^ are sub-bialgebras (sub-Hopf algebras) of . The structure 
maps for ^{X°p) = Hi^ are given by 

(4.5) Ixy = lylx] h = e; M^-x) = Ixi ® 1x2', £{lx) = £{x); S'(/x) = h-Hx), 
and the structure maps for 0(A'^°p) — H^.^ are given by 

(4.6) rab^Tari,; ri = e; A(ra) = (g) ; £(ra) = £(a); S'(ra) r5-i(„). 

(ii) The bilinear form from ® Hi^ to k defined for all a £ A^x £ X, by 
Ta®lx—^ cr(a, x), is a skew pairing between Hr^ and Hi^ . 

(iii) Hr^Hix = Hi^HrA *s « sub-bialgebra of and is a sub-Hopf algebra if 
A, X are sub-Hopf algebras of the Hopf algebra H . 

Proof, (i) If X is a sub-bialgebra (sub-Hopf algebra) of H, then X"^ is a sub- 
bialgebra (sub-Hopf algebra) of H°p. Since a : H ® H°p ^ fc is a duality, by 
Remarks l2.21 : X°p C H"p H'^ is a bialgebra morphism and thus Hi^, the im- 
age of X°P under tjj, is a sub-bialgebra (sub-Hopf algebra) of with the structure 
maps given above. The proof for i/^^ is similar, using the map cf). 

(ii) Follows directly from Remarks 12 . 2 1 since a : A'^°p^X°p — > /c is a skew pairing. 

(iii) We refer to 3.2 (b)]. Here it is shown that the map from D(ff™P,iJ°P) 
to defined by a (g) /i ^ ralh is a bialgebra map, and our statement follows. The 
proof is based on the observation that 

(4.7) lyra = a{ai, S{y3))a{a3,yi)rajy2 or, equivalently, 

(4.8) rjy = (j{S^^{a3),yi)(j(ai,y3)ly^ra2, 

for any y G X , a £ A. □ 

We now assume that H is a Hopf algebra. We denote by Hx,a the Hopf subal- 
gebra of equal to Hi^Hr^ = H^^Hi^ . 

Proposition 4.5. Let {H, a) be a CQT Hopf algebra. X , A and 7i sub-Hopf alge- 
bras of H , and Hi ^ andHrj^ the sub-Hopf algebras of H^ from Proposition \4-.4\ Let 
D{Hrj^,Hi^) he the generalized quantum double from the skew pairing in Proposi- 
tion \4-.4\ fti) induced by a. 

(i) The map f : D{HrA,Hi^) Hx,A, f{ra ® Ix) = rJx, a £ A, x £ X , is a 
surjective Hopf algebra morphism. 
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(ii) Then the evaluation map (, ) : Hx,a (^H ^ k defined for all x ^ X , a ^ A 
and h Cz Ti. by 

(4.9) {IxTa.h) = a{hi,x)(j{a, ^,2) = lx{hi)ra{h2) 

provides a duality between the Hopf algebras Hx.a o,nd Ti, and therefore 
between D{HrA, Hi^) and Ti. via the map f in (i). In particular, {,) is a 
skew pairing on H'^x \ ® ^ ^{^ta j Y""^ ® ^• 

Proof. Statement (i) follows directly from 2.4] with a — Idn^j^ 1 P — ^^Hi-^ and 
using (|4.7p . Statement (ii) is immediate. □ 

From now on, we assume that [H, a) is a CQT Hopf algebra with X, A and 
the evaluation pairing (, ) as above. Consider the generalized quantum double 
D{H''°\,X). From (EjH), the multiplication in D{H''^^^,X) is given by 

(4.10) {lxra®y){lx'rb®y') = {lx'jb3,S^'^{y3.)){lx'jb^,yi)lxralx'^n2 ®y2y', 

for all a;, x', y, y' d X , a,b <E A, and since _D(iJ^^, X) — i?™ ^ ® X as a coalgebra, 
the comultiplication is given by 

(4.11) ^{lxra®y) = {lx2rai®yi)®{l 

The unit is e 1 and the counit is defined by e{lxra ®y)— e{x)£{a)e{y) . 

We now prove that there is a Hopf algebra projection from Z?(iJ^^, X) to H'^x\ 
which covers the canonical inclusion i : H'^x \ ^ ^{H'x^t-^)- 

Proposition 4.6. The map tt : Z?(i7™^,X) H'^x\ defined by 

(4.12) TT{lxra®y) ^ IxrJs-^y), 

for all x,y X , a G A, is a Hopf algebra morphism such that t: o i — idfj<^p^ . 

Proof. Define j : X ^ -^^"^ C H'^^^ by 7(2;) = Ig-if^^y We show that 7 is a 
bialgebra morphism and that (|3.ip holds. 
For cc, y G X, we have 

'yixy) = h-^xy) = ls-Hy}s-Hx) = = li^hiy), 

so that 7 preserves multiplication. Similarly, 

(7(8)7)(a;i 0x2) = Is-^xi) ®ls-Hx2) = ^H'^'^^ilix)), 

so that comultiplication is preserved. Clearly 7 preserves the unit and counit. To 
verify (|3.ip . we compute 

j{x)ly = ls-^x)ly = ^yS-^{x) 

a{S^'^{x2),y2)cr{xi,y3)ly^s~Hx3) 
(j{S^'^{x3),yi)a{xi,y3)ls-i(x2)y2 

= {lvi,S^'^{X3)){ly^,Xl)ly2j{X2). 

As well we have that 

l{x2)ra = ls-^X2)ra 

cr(ai, 5(5"^(x2)))cr(a3, S^^{x4,))ra2ls-^X3) 

{rai , X2){ra3 , S^'^{x4))ra2 h-^xs) ■ 



BRAIDED FROM CQT HOPF ALGEBRAS 



19 



Combining these equations, we obtain 

= {{lyra)3, Xi){{lyra)l, S^'^ (xz)){lyr a)2l{x2) ■ 

Since tt — 171^0 o [Id ® 7), the statement fohows from Proposition l3.ll □ 

We now apply the results of Section [3] to this Radford biproduct. 
Proposition 4.7. Let H,X,A,j,Tr be as above. Then D{H''^^^,X) ^ B x 
where B is a Hopf algebra in the category J^o^yD- In addition, 

"X.A 

(i) B = {^5-2(^2) ® xi I X G X} and is isomorphic to X as a k-space; 

(ii) X is a left -ff™*^ Yetter-Drinfeld module with the structure 

(4.13) l^ra > 2/ = {l^ra, S-Hyi)S-\y3))y2, 

(4-14) Xx{y) = ls-i(y,)s-^ys) ® 2/2- 

Proof. Statement (i) follows directly from Proposition 13.61 while statement (ii) 
follows from Proposition 13. 71 □ 

From now on, X will be the fc-vector space X, with the structure of Hopf algebra 
in the braided category „rop yD induced from B via the above isomorphism. Next 

"X,A 

we compute the structure maps of 2£. in this category. 

Theorem 4.8. The structure of as a Hopf algebra in „iopyD is given by the 
formulas 

(4.15) xoy = cr{S{x3)S'^{xi),y2)x2yi, 

(4.16) = a{S{xi)x3, S{x4)x(i)x2 ® X5, 

(4.17) Six) = a{S^{x3)S{x,),Xi)S{x2), 
for all x,y (£ X . X_ has the same unit and counit as X Q H . 

Proof. Apply the formulas in Proposition 13.81 with U — Hx.a and V — X. □ 

Remarks 4.9. (i) From Equations ()2.8p and (|2.9p in Remarks 1 2. 5 ( we obtain another 
formula for the antipode 5 of X_. For we note that 

S{x) = a{S'^{xs,),Xi)a(S{xi),x^)S(x2) 

= cr{S{xi),X4)v^^{x3)S{x2) 

= a{S{xi),X4)v~^{x2)S~^{x3) 

= ty{S{xi),X5)cr{S'^{x2),X3)S~'^{x4) 

= a{S{xi),S~'^{x2)x4)S~'^{x3). 

(ii) The Hopf algebra isomorphism x ■ ^ x H^x^a ~^ Di^x^A^-^) given by 
x{x X lyra) — {Is-2(^X2) ®xi){lyra 1), for all x,y e X and a e A. 

(iii) One can easily check that, in general, X is neither quantum commutative nor 

quantum cocommutative as a bialgebra in „fo'^>'_D. But, if a restricted to X X 

gives a triangular structure on X (that is, <7~^{x,y) — a(jj,x), for all a;,y G X) 
then X is quantum commutative, i.e. 

xoy ^ >y) o xo, V y e X. 
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(iv) Any proper Hopf subalgebra X of a CQT Hopf algebra {H, a) can be viewed 
as a braided Hopf algebra in (at least) three different left Yetter-Drinfeld module 
categories by applying Proposition 14.71 and Theorem 14.81 with different A. Specif- 
ically, over Hi°^ (take A = k), over the co-opposite of Hi^Hr^ = Hr^Hi^ (take 
A = X), and over the co-opposite of Hi^Hj. — HrHi^ (take A = H). Note that 

We note that the solution to the Yang-Baxter equation from the Yettcr Drinfeld 
module X comes from the adjoint coaction. 

For if {B, a) is a CQT bialgebra and 071 a left S-comodulc then we have seen that 
9Jl is a left Yetter-Drinfeld module over B with the initial comodule structure and 
with the ;B-action defined by (|4.4p . In particular, we get that R^m £ End(97l ® TV) 
given for all m, m' £ 971 by 

Rwiim ® m') = a-(m_i, m'_i)mo ® mg, 

is a solution for the quantum Yang-Baxter equation. 

In the present setting, with {H, a) CQT, then X is a left X-comodule via x i— > 
S{xi)x3 X2. Then Rx^^ ^ End(X ® X) given for all x,y e X hy 

Rx^iix (X) y) = (t{S{xi)x3, S{yi)y3)x2 » j/2 

is a solution for the quantum Yang-Baxter equation. From the discussion at the 
end of Section [3l writing S for Sx , we note that 

Rx{x<»y) = {iiS-\y3)yi),S-\S-\x3)xi))x2<»y2 

= {h-Hs-Hy3)vi),S^^{S^^{x3)xi))x2 (gi y2 

= aiS-\S-\x3)xi), S-'{S-\y3)yi))x2 ® 2/2 

= cr{S{xi)x3,S{yi)y3)x2(S)y2 

= RxA^^y)- 

Next, we show the connection between our X and the transmutation theory. 

Theorem 4.10. Let {H,a) be a CQT Hopf algebra and A,X sub-Hopf algebras of 
H. Then there is a braided functor F : ^ Ja^yD such that F(X) = X_. 

"X,A 

Proof. We start by constructing the functor F explicitly. For 371 a right X-comodule, 
let F(97l) = 971 as a fc-vector space, endowed with the following structures: 

(4.18) l^ra >m = ?x''a(5'"^(m(i)))m(o) and Xm{m) = Is-^n^^^) » m(o), 

for any Ixra G Hx,a and m £ 971. From the definitions, F(97l) is both a left -ff^^- 
module and comodule. Actually, F(97l) is a Yetter-Drinfeld module over -ff™ A- 
Here, using the co-opposite of the structure maps in Proposition 14.41 we see that 
relation (|2.15[) is 

(^xi^as, S'"^(m(i)))/:r2?-ai/s-2(m(2,) m(o) 

= {lx2rai,S^'^{m,^2)))ls-Hm^i^)ixira2 ®m(o) 
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and this holds since 



<y{yi,Xi)a{a4,y2)a{S ^{a3),y3)a{ai,y5)l^Jy^ra2 



J231 



a{yi,xi)a{ai,y3)ly^j:^ra2 

(^{y2,X2)(j{ai,y3)lxiyira2 
{lx2Tai , y2)lyilxiTa2 i 



^cop 

for all x^y € X and a a A. So F is a well defined functor from A^'^ to „^a^yD. 

"X,A 

(F sends a morphism to itself.) 

We claim that F has a monoidal structure defined hy ip^) = Id : k ^ and 
ip2{^-,% ■■ F(m) (g) F{m) F{m ® DT), the family of natural isomorphisms in 

^cop 

Lp2{M,%{m®n) = CT"i(m(i),n(i))m(o) iX)n(o), 

for all m e 9Jl e M-^ and n e 01 G M-^ (for more details see for example [Sl XI.4]). 
To this end, observe that iy92(9Jl, OT) is left iJ^^-linear since 

(^2(2^, %{lxra^{m®n)) 

™* (^2(OT,01)(/,,r,, >m®?,,r,, >n) 
SJHJ 5-2(n(i)m(i)))^2(OT, ^n)(m(o) n(o)) 

= (?:r?-a,S'"^(n(2)m(2)))o-"^(m(i),n(i))m(o) ® n(o) 
(?^ra,S'~^(m(i)n(i)))cr~^(m(2),n(2))m(o) ® n(o) 
^2^21111 a-i(m(i),n(i))/,r,>(m(o) ®n(o)) 
Z,r,>¥.2(an,01)(m®n), 

for all a; e X, a e A, m e ajl and n e DT. The fact that Lp2{M,% is left 
colinear can be proved in a similar manner, the details are left to the reader. 
Clearly, (/?2(9^7^) is bijective and tpo makes the left and right unit constraints 

in M.^ and „^apyD compatible. So it remains to prove that if2 respects the 

associativity constraints of the two categories above. It is not hard to see that this 
fact is equivalent to 

(^{hi,gi)a{h292,h') = cr(gi, /ii)cr(/i, /1252), 

for all /i, ft.', g ^ H, i.e., a is a 2-cocycle, a well known fact which follows by applying 
the properties of coquasitriangularity or see [1] . 

Moreover, we have F a braided functor, this means 

F(cOT,^n) ov'2(2n,01) = 932(01,071) ocf(ot),f('ji), 

for all 971,01 G AA-^ . Indeed, on one hand, by (|4.3p we have 

F(cot,ot) o V2(97l, 01)(m (g) n) = n (g) m. 
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On the other hand, by ()2.17p and (14.181) we compute: 

.^2(01,971) ocF(OT),F(m)(m0n) = (/72(^, 97t)(^s-2(m(i)) > »^ ® "^(o)) 

= (7(5-2 (n(i) ), (m(i) )(^2 (OT, 9K) (n(o) ®m(o)) 
= n (8) m, 

as needed. 

FinaUy, by Proposition 14.21 and Proposition 14.71 it follows that F(X) = X, as 
objects in „^aiyD. Furthermore, since F is a braided functor and X is a braided 

Hopf algebra in it follows that 'FjX) is a braided Hopf algebra in „^a^yD 
with multiplication given by 

Lp2(X.X) F(m ) 

mF(x) : F(^) ® F(^) — F(^®^) ^ F(^), 

the comultiplication defined by 

F(Ax) ip-\X,X) 

Af(k) ■ F(^) ^ FiK^K) == ■ F(^) (55F(^), 

and the same antipode as those of X. More precisely, according to the proof of 
Proposition 14. 21 the multiplication • is given by 

x»y = c^"^(a;(i),2/(i))a;(o) • y(o) 

= <^{x{2), S^^{y4)yi)a{x(^i) , 5'(y2))a;(o)2/3 

cr(a;(i),S'"^(2;2))a:(o)yi = a{S{x3)S'^ {xi),y2)x2yi, 
for all G X. Similarly, we have 

AF(^)(a^) = cr((a^i)(i),(a;2)(i))(a;i)(o) ® (a;2)(o) 
= a{S{xi)x3, S{x4)xe)x2 ® X5, 

for all a; G X. Comparing to the structures in Theorem 14.81 wc conclude that 
F(X) = X as braided Hopf algebras in „^apyD, and this finishes the proof. □ 



We end this section with few comments. 

Remarks 4.11. Let {H,a), X and A be as above. 

(i) One can easily see that the map 7 : A ^ C iJ™^ given by 7(a) — is 
a Hopf algebra morphism. Moreover, for this map 7, (|3.ip reduces to 

which holds by (|2.7p . So on the fc- vector space A we have a braided Hopf algebra 
structure, denoted by A, in „^opyD. Namely, A is a left Yetter-Drinfeld module 

^a^r-a > 6 = {IxTa, 5" ^ (61 ) (63) )62 , A^lo) = ''5-1(03)01 ® ^2, 
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and a Hopf algebra with the same unit and counit as A and 

a-b = a{b2, 5(01)03)0261 = cr2i^(5(a3)S'^(ai), 62)0261, 

A(a) a{S{ai)aQ, S^^{a3)ai)a2 ® 05 = a2i{S{ai)a3, S{ai)aQ)a2 ® 05, 

S{a) ^ cr{a4,aiS{a3))S{a2) = o-2i^(S'^(a3)S'(ai), a4)S'(a2). 

Comparing with the structure of X we conclude that A can be obtained from X_ by 
replacing (H, a) with {H, (721) and interchanging X and A. For this, observe that if 
la and fx are the elements of corresponding to H = {H, <72i) then f^ — Ig-n^^) 
and la = rs(a), so i/^^x Hj^Hf^ = Hr^Hi^ = as Hopf algebras. The 

remaining details are now trivial. 

(ii) Although it might seem more natural to try to obtain a braided Hopf algebra 

structure in rr^op yD on XA = AX, for this we would need a Hopf algebra map 
TT : AX A satisfying condition (|3.ip in Proposition 13.11 A candidate is 

Tr(ax) = rals-i-{x) but, in general, it is not well defined. (Take for example X = 
A = H = {SLq{N),a), the CQT Hopf algebra defined in the last section of this 
paper.) 

5. The finite dimensional case 

In this section we discuss how our results thus far relate to those of Radford [15] 
for finite dimensional Hopf algebras. 

Throughout this section, {H, R) is a finite dimensional quasitriangular {QT for 
short) Hopf algebra, so its dual linear space H* has a CQT structure given by 
cr : H* (giH* ^ k, a{p, q) = p{R^)q{R^), for aU p,qe H*, where R := R^ (g) R^ e 
H ^ H. Thus, we can consider the sub-Hopf algebras Hi and H* of H** defined 
in the previous section. Identifying H** and H via the canonical Hopf algebra 
isomorphism 

6: H^H*\ Q{K){h*) = h*{h), 
for all ft. e and h* e H* , we will prove that the sub-Hopf algebras and H* of 
H** can be identified with the sub-Hopf algebras and of H constructed 
in [15] . Recall that 

— {q{R'^)R^ \ q^H*} and %) {p(i?^)i?2 | p G H*}. 

m 

Also, note that, if we write R = J2 Ui^Vi € H®H , with m as small as possible, then 

1=1 

{mi, • • ■ , u„i} is a basis for and {ui, • • ■ , is a basis for R(r), respectively. We 
extend {ui, • • • , Um\ to a basis {ui, ■ • ■ , Um, • ■ • , Un\ of H and denote by {u^}i=Yn 
the dual basis of H* corresponding to {uilj^j-^. Similarly, we extend {wi, • • • , Vm} 
to a basis {vi, Wm, ■• •,!;„} of and denote by {v^}i^Yn ^^e dual basis of H* 
corresponding to {wilj^xTj. 

Lemma 5.1. For the above context the following statements hold: 

i) The map /i; : Hi R(^q defined by ^ii(lq) = q{R^)R^, for all q e H* , 
is well defined and a Hopf algebra isomorphism. Its inverse is given by 
^^^{ui) = lyi , for all i = l,m. In particular, {lv^}i=Tm basis for H^ . 

ii) The map pL^ : H* — > R(^r) given by pir{rp) = p{R^)R^ , for all p G H* , 
is well defined and a Hopf algebra isomorphism. Its inverse is defined by 
^~^{vi) = r^i, for all i = l,m. In particular, {?'u»}i=Tni basis for H*. 
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Proof. We show only i), with the proof of ii) being similar. First observe that 

lg{h*) = a{h*,q) - h*{R')q{R^) = e{q{R^)R'){h*), 

for all h* eH*. Thus iJf = {e{q{R^)R^) \ q e H*} ^ e(i?(,)) ^ Clearly /z; is 
precisely the restriction and corestriction of at 9(i?(/)) and respectively. 
Hence fii is well defined and a Hopf algebra isomorphism. 
Finally, for all h* G H* we have 



3 = i 



and therefore ly. — 0, for aU i e {m + 1, • ■ • , n}, and (h*) — h*{ui) = 6(ui)(/i*), 
i.e. lyi = Q{ui), for all i — l,m. This shows that ^Y^[ui) — lyi, for all i = 1, m, so 
the proof is complete. □ 



From Proposition 14. 4[ a gives a pairing on H*^°p iJ^* , and we consider the 
generalized quantum double D{H*, Hi). On the other hand, H* and H'^ are finite 
dimensional Hopf algebras, so we can construct the usual Drinfeld quantum doubles 
D{H*) and D{H*). To demonstrate the connections between these Hopf algebras, 
we first need the following lemma. 

Lemma 5.2. Suppose that {^) :U ®V k defines a duality between the finite di- 
mensional Hopf algebras U and V such that there exists a Hopf algebra isomorphism 
^' : V* — > U with the property 

(5.1) = yv*eV*, v€V. 

Then D{U''°P,V) = D{V) = L)(J7°P'™p)°p as Hopf algebras. 
Proof. As coalgebras 

£)([/cop^y) ^ j/cop^-j^ ^-'^Id V*''°'P (E)V = D{V). 

Thus will be enough to check that * ® /d : D{V) D{U''°p,V) is an algebra 
morphism. For all x* ,y* G V* and x^y ^ V we compute 

(*®/d) {{x* ®x){y* ®y)) 

= yl{S'\x3))yl{xi)-^{x*yl) ® X2y 

= (*(?;*), 5-H^3))(*(2/3),^i)*(^*)*(2/2) ® 

= (*(a;*) ® x) (^'(y*) ® y) = (* Id) [x* ®x){'^ ® Id) {y* ® y) , 

as needed. Clearly, ® Id respects the units, so ® Id: D{V°'^ , V) D{V) is a 
Hopf algebra isomorphism. 

From 15, Theorem 3] we know that /^([/op^cop^op ^ d{U*) as Hopf algebras. But 
U* = V** = 1/ as Hopf algebras, and therefore D{U*) = DiV) as Hopf algebras. 
We conclude that D([/°p^™p)°p ^ D{V) as Hopf algebras, and this finishes the 
proof. □ 

Proposition 5.3. Let (H, R) be a finite dimensional QT Hopf algebra with an R- 

m 

matrix R = Ui ® Vi € H ® H , with m as small as possible. If H^ and H* are 



i=l 



the Hopf subalgebras of H** = H defined above then 

DiH:,Hn^D{Hn^D{{H:rn°'', 

as Hopf algebras. 



BRAIDED FROM CQT HOPF ALGEBRAS 



25 



Proof. We apply Lemma [O] for U (i/;)™P and V = . So we shall prove that 
there exists a Hopf algebra morphism : {HI)* {H*Y°'^ (or, equivalently, from 
(i?;)*™P to H;) satisfying (EH), this means (*(?7),^g) = r{{q), for all e (i/;)* 
and q G i/*. We will use the Hopf algebra isomorphism ^ : R*i°^ R(r) from 
[m Proposition 2(c)] defined by ^(C) = C(^^)^^ for all C e i?^)- Note that 
^~^{vi) — u^, for all i — l,m, where w* is the restriction of at R(i)- 

Now, define 5" : (iJ*)*cop ^* as the composition of the following Hopf algebra 
isomorphisms 

^ . (^*)*cop ^*cop ^ ^^^^ _a£^ 

ra 

Explicitly, we have ^'(77) ~ X) for all 77 e {Hi)*, and this allows us to 

compute {'i'{ri),lys) to be 

m m m 

^77(;,„0(r-n.,^«=) = ^Tyl^^Of^K,-"') = J2 V{h^)u"{uj)v'{vj) = r]{lys), 

i—l i — 1 

for all s = 1, TO. Since {lyn | s = 1, m} is a basis for i/;* it follows that (^'(77), /g) = 
rj{q), for all 77 G {Hi)* and g G i/*, so the proof is finished. □ 

Remark 5.4. Let U and V be two Hopf algebras in duality via the bilinear form 

t 

(, ). If there is an element ^ (g) w.^ e U iS)V such that, for all m G ?7 and v £V, 

t t 
(5.2) ^^{ui,v)vi = V and y^(M, Vi)ui = u, 

i=l i=l 

t 

then R = Y.{'^®'"i)® {u^ (g) 1) is an i?-matrix for D(C/™p, V"). 

i=l 

m 

Let now {H, R) be a finite dimensional QT Hopf algebra with R = ^7/^(8)7;^, 

1=1 

m 

with TO as small as possible. Then ^ r„i (g) ^^,1 G H* (g) H* satisfies the conditions 
in (|5.2p . Indeed, for all p G H* we have 

^(rp,Z^.)r„. = ^ p(77j)7;*(wj)r„. = ^p(7ii)e(7;i) = e{p{R^)R^) = rp, 

i—l — 1 i—l 

m 

and in a similar manner one can verify that {ru^ ,lq)lvi = ^q: for Q ^ -f^*- 

Therefore, 9^ = (1 ® ^i-O ® (^«' ® 1) is an i?-matrix for D{H*,Hl). 
1=1 

On the other hand, a basis on {H^)* can be obtained by using the inverse of 
the Hopf algebra isomorphism "if constructed in Proposition [5T31 Since ^'"^(r^i) = 

o fjii it follows that {w* o /i/ \ i — 1,to} is a basis of {Hi)*. Moreover, we can 
easily see that it is the basis of {Hi)* dual to the basis {lyi \ i = 1,to} of Hi , so 

m 

TZ ~ X] (1 ® ^-uO ® ° ® 1) is an i?-matrix for D{Hl). Thus, we can conclude 

i=l 

that the Hopf algebra isomorphism ^ ® Id : D{Hl) D{H*,Hi) constructed in 
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Proposition 15.31 is actually a QT Hopf algebra isomorphism, that is, in addition, 
{{^ (g) Id) ® (\E' (g) Id)) (TZ) = U\. The verification of the details is left to the reader. 

We are now able to prove that, for our context, the Hopf algebra surjection from 
Proposition 14.51 is in fact a QT morphism, and that it can be deduced from the 
surjective QT morphism F : Hn := R^i)R(^r) — R{r)R{i) considered in 

[I5l Theorem 2]. Namely, F(C ® ft) = ^{Qh, for aU C e and h £ where 
^(C) = ({R^)R^ is the Hopf algebra isomorphism from R*i°'^ to considered in 
Proposition 15.31 

Proposition 5.5. Under the above circumstances and notations we have the fol- 
lowing diagram commutative. 



d{h;,h:) 



Id 



TT* TLT* rr* rr* 



Mr V/ ^ 



Here ^)* is the transpose of ^ and /i^ ^/i; ^ is defined by 

ii^^ixi\p(r^)r\{R^)R^) = r^lg, yp,q€ H\ 
where R — R^ ® R? = r"^ ® r^ is the R matrix of H . 

Proof. Straightforward. We only note that p{r^)r'^q{R^)R^ = p' {r^)r^q' {R'^)R^ iff 
e-\rp)e-Hl,) = e-Hrp')Q-Hlg'), iff e-^rplg) = e-\rp,lg,), iS r^lg = rj,,lg,, 
so is well defined. □ 

m 

Corollary 5.6. H* is QT with SR = ^ Z^i ® r„i and in this way f becomes a 
surjective QT Hopf algebra morphism. 

Finally, we are able to show that in the finite dimensional case the morphism tt 
in Proposition [4?6] arises from the particular situation described above. 

Corollary 5.7. Let [H, R) be a finite dimensional QT Hopf algbera with an R 

rn 

matrix R — ^ Ui ® Vi, m as small as possible. For any Hopf subalgebra X of H* 

there exists a surjective Hopf algebra morphism tt : D{H*'^°^ , X) — > H™^ covering 
the canonical inclusion in* : if*™? D{H*™p,X). 

Proof. From Corollary 15.61 and Example 13. 3i such a morphism tt exists. Moreover, 
using the definition of vr in Example 13.31 for all p,q E H* and h* e X, we have 

m m 

TT{lprq (g) h*) = ^{lu',h*)lprgls—i(vi)= ^ u\uj)h* {vj)lprqls—i{vi) 

1=1 ij = l 

m n 

= ^ h*{v,)lprgls>-i(yi) = ^ h*{vi)lprgls,-^y^) 

i=l 4=1 

= ^prqls*-^{h')i 
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where S* is the antipode of H* as usual. □ 

Remarks 5.8. (i) Here, the sub-Hopf algebra H* of H** = H is the smallest sub- 
Hopf algebra C of H** such that := (9 ® e)(i?) £ C C and 91 played a crucial 
role in the definition of tt. Now, for H CQT not necessarily finite dimensional with 
sub-Hopf algebras X and A as in Proposition [46l we cannot ensure that Hx.a has 
a quasitriangular structure but we can define the projection tt in the same way. 

(ii) Applying Corollary 15.71 with X = H* we see that H* has a braided Hopf 
algebra structure in the braided category of left Yetter-Drinfeld modules over H*'^°^ . 

Identifying 7J*'=°p with H'^^'^ we obtain that H* is a braided Hopf algebra in ^copyD, 
denoted in what follows by H* . From Proposition 14.71 the structure of H* as left 
H'j^^ Yetter-Drinfeld module is given by 

h-^^ {s*-\^i)s*-\^3))(h)^2 = s-\n2) -^^^ s-'ih), 

for all h G and ip E H* , and from Thcorcm l4.8l thc structure of H* as a bialgebra 
in rr^apyD IS thc following. The multiplication is defined by 

= S{Rl) -^ip^ S^Rl) (g> i?2 ^ 
for all ip, ijj G H* , the unit is e, the comultiplication is given by 

Aj^iifi) = ipi{S{Rl))MRl)MS{Rl))f6iRl)^2^VB 

= Rl^^i^ S{Rl) ®Rl^^2^ S{Rl), 

for all Lp G H* , and the counit is 8(1). Finally, according to the part 1) of Re- 
marks 14.91 H* is a braided Hopf algbera with antipode 

= p^,{S{R'))p>i{Rl)p,2{S-\Rl))p^3 o 

^{Rl^^^S{R')S-\Rl))oS-\ 



Using similar arguments to those in Subsection 14.11 one can easily see that H* 
coincides with ( H'^°p )* . the categorical right dual of H'^°p in /fcopA^, viewed as 

^cop 

a braided Hopf algebra in „^apyD through a composite of two canonical braided 

"r 

functors. (The structures of IT^, the associated enveloping algebra braided group 
of {H''°P, R21 := R^ (g) i?i), can be obtained from [13l Example 9.4.9], and then the 
braided structure of ( gg°P )* can be deduced from [I] or [2].) 

More precisely, = w cop b„ ^ ) 65 ; rcop b„ ^ ^ f ( JJ™p )* ) . as braided Hopf algebras 

ji^cop 

in „aapyD, where, in general, if (H,R) is a QT Hopf algebra then 

"r 

(i) ■S{H,R) ■ H-M if is the braided functor which acts as identity on 
objects and morphisms and for Tl G hM, = as i?- module, and 
has the left _ff-coaction given by Ajv/(tn) — R^ ^ R^ ■ m, for all m G Tl; 

(ii) &(H,R) ■ (H,R)M. (Hr.r)-^ is the functor of restriction of scalars which 
is braided because the inclusion Hj^ ^ H is a QT Hopf algebra morphism. 

The verification of all these details is left to the reader. 
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6. The Hopf algebras SLg(iV) and U°''\s\n) 

In this section we apply the resuhs in Section |4] to the CQT Hopf algebra 
H = SLg{N) introduced in [5T]. We will show by explicit computation that 
Ha = C/°''*(sljv)- The computation should be compared to results of 3.2] and 
the description of J7^^^'(sW) from ,9, Ch. 8, Theorem 33]. 

Our approach is to study the image of the map lu in [5, 3.2(b)], that is, H^, 
a sub-Hopf algebra of iJ". If, instead, we studied the image of the map 6 in [51 
3.2(a)], then we would be considering a sub-bialgebra of (iJ*')'^°P. Constructing the 
isomorphism between these two approaches seems to be no simpler computationally 
than the direct calculations we supply below. 

To make this section as self-contained as possible, we first recall the definition 
of the CQT bialgebra Mq{N), and outline the construction of SLq{N). 

For V a fc- vector space with finite basis {ei, • ■ • jCn} and any 7^ (/ G /c, we 
associate a solution c of the Yang-Baxter equation, c: V(E)V^V(i5V,hy 

c(ej (g) Cj) = q^'-'ej (g) e., + [i> j]{q - q^^)ei ® Cj, 

for all 1 < i,j < N, where 5ij is Kronecker's symbol and [i > j] is the Heaviside 
symbol, that is, [i > j] — if i < j and [i > j] — 1 if i > j (see for instance [SI 
Proposition VIII 1.4]). By the FRT construction, to any solution c of the quantum 
Yang-Baxter equation we can associate a CQT bialgebra, denoted by A{c), (see 
[ZllH]), obtained by taking a quotient of the free algebra generated by the family of 
indeterminates {xij)i<ij<N ■ For the map c above, A{c) is denoted by Mq{N) and 
has the following structure, cf. [H Exercise 10, p. 197]. As an algebra Mq{N) is 
generated by 1 and by {xij)i<ij<N ■ (Note that we write Xij as Xij if the meaning 
is clear.) Multiplication in Mq{N) is defined by the following relations: 

XimXin — QX^nXim: Tl <^ Ul^ 
X jraXiva — Q'^tm-^jm ; ^ ^ ^ j i 
XjnXim — •^im-^jni ^ J and Tl <C 771, 

XjmXin XinXj^i — (^Q Q ^Xi^iXjn, V Z <^ J and TL <^ 7TI. 

The coalgebra structure on the Xij is that of a comatrix coalgebra, that is 

N 

(6.5) M^ij) = ^Xik ®Xkj, e{xij) = 6ij, 

fc=i 

for all l<ij <N. 

A CQT structure on Mq{N) is given by the skew pairing a' : Mq{N)®Mq{N) 
k defined on generators Xim , Xjn by 

(6.6) (j'{xim,Xjn) = /'•'^m,i'5„j + [j > i]{q - q^^)5m.j5n,i, 

and satisfying (12. 4p to (|2.7p . Complete details of this construction can be found in 
[51 Theorem VIII 6.4] or see [SI (3.3)] and [1]. This skew pairing is invertible with 
inverse obtained in the formulas above by replacing q by q~^. 

For z ^ k such that = q~^, we define another skew pairing a on Mq{N) ® 
Mq{N) by defining 

(6.7) Cr(l, -) Cr(-, 1) = e and a{Xira,Xjn) = Za' {Xira^Xjn) 



(6.1) 
(6.2) 
(6.3) 
(6.4) 
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N 

and extending. For example, a{ximXki,Xjn) = -^^ S {ximi Xjr)(j' {xki, Xm)- Since 

r=l 

a satisfies (I2.7P when h, h' are generators Xij , then by [8, Lemma VIII 6.8] , a satisfies 
(|2.7p . and a gives Mq{N) a CQT structure. Exphcitly, we have that 



(6.8) a{xvi,Xii) = zq; 

(6.9) a{xii,Xjj) = zfori^j; 

(6.10) a{xij,Xji) = z{q - q^^) if i < j; 

(6.11) (T{xij,Xst) — otherwise. 



The inverse is obtained by replacing q by q~^ and z by z~^. 

The bialgebra Mq {N) does not have a Hopf algebra structure, but it possesses a 
remarkable grouplike central element 

detg = ^ (-9)"'^^^a;ip(i) ■ • • Xnp(^n), 

which allows us to construct SLq{N) :— Mq{N) / {detq — 1). Here Sn denotes the 
group of permutations of order N , and l(p) the number of the inversions of p G Sn- 
As an algebra, SLq{N) is generated by {xij)i<ij<N with relations (|6.ip - (|6.4p and 

(6.12) J2 {-ly'^^^^ipii) ■ ■ ■ ^Np[N) = 1. 

The coalgebra structure is the comatrix coalgebra structure. To define the antipode 
S of SLq(A^), denote X — {xij)i<ij<N and then define Yij as the generic {N — 1) x 
(iV — 1) matrix obtained by deleting the ith row and the jth column of X . Then 

S{x,j) - {-qy~'detq{Y,,) 

(6.13) = {-qy^' ^ (-9)~'^^^a;ip(i) • ■ •a;j_ip(j_i)2:j+ip(j+i) • ■ •XArp(Ar), 

where Sj^i is the set of bijective maps from {1, . . . , j — 1, j + 1, . . . , A''} to {1, . . . , i — 
1, z + 1, . . . , N}. Moreover, for all I < i,j < N, we have 

(6.14) S^ix,j)^q^^J-'^x,j. 

We include the next lemma to provide complete details of the construction. 
Lemma 6.1. For a the skew pairing defined by i6. 8]) to i6.11\) . for all x G Mq{N), 

(6.15) (T(detq, x) = (7(2;, detq) = £(a:) 
and thus a is well defined on SLq(N) ® SLq{N). 

Proof. Since det^ is a grouplike element, from (|2.4p and (|2.5p . it suffices to check 
that (|6.15p holds on generators. From (|6.6p it follows that a'{xim,Xjn) = unless 
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i < m, and if i — m, then a'{xim, Xjn) — q^'-'Sn,j- Now we compute 
a'idetq, Xij) 

AT 

PESn k=l 

N 

= 51 i-qy'^^''^<^'{xip(iy ■ XN_ip(N_i^,Xik)(j'{xNN,Xkj) 

peSjv, p{N)=N k=l 

By induction, it follows that 

N 

(j'{deiq,Xij) = (7'==i ■ = qe{xij), 

and hence, ^(detqjXij) = z'^qe{xij) = £(2;^), for all 1 < i,j < N. 

In a similar manner, using the fact that cr' {xira,Xjn) — unless j > n, and if 
j — n, then <j'{xim,Xjn) = q^^'^5m,i, one can prove that 

N 

cr(a;jj,detq) = z q>'=^ Stj = e(a;.y). 

Thus a is well defined on the quotient Mq{N) / {detq — 1) and SLq{N) has a CQT 
structure. □ 

We now apply the results of Section|3]to the CQT Hopf algebra H — {SLq{N), a). 
For all I < i,j < N, let us denote r^j := r^ij and 1^ := Z^.^. . (Note that we will 
insert commas in these subscripts only for more complicated expressions.) 

Lemma 6.2. Let H = {SLq{N),(j). 

(6.16) rij{Xmn) = z{q - q^^)Si^nSj^rn, ^ i < j] 

(6.17) \ij{Xran) = z{q - q^^)Si^nSj,m, V 1 > j; 

(6.18) lii(^mn) — ^iii^mn^ — ' ^m,ni 

(6.19) = rj, =0, y i<]. 

Proof. Equations (|6.16p - (|6.18p follow directly from (|6.8p to (|6.10p . Now suppose 
that i < j. From (j6.1ip . we have that Uj and Vji are on generators Xmn- Let 
a,b ^ {xmn \ ^ ^ ni,n < N}. Since cr is a skew pairing, we have 

N 

hjiab) = a{ab,Xij) = ^\ik{a)lkj{b). 

fe=i 

Since i < j we cannot have both i > k and k > j, so it follows that the product 
lik{a)lkj{b) = 0, for all k = 1, N. By mathematical induction it follows that lij = 0, 
for any i < j. The statement for Vji is proved similarly. □ 

Corollary 6.3. The maps la and yh are equal grouplike elements of H'^ . Also, 
denoting V[j^ — Ig-ifj,..) = S*{\ii), we have 

(6.20) \l^{x^n) = "^ii^iXynn) = Z^^q^^''"'S,n,n- 
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Proof. The fact that la and ru are groupUke follows directly from ()6.19|) . Then, 
since these are algebra maps equal on generators, they are equal. The rest is 
immediate. □ 

The next lemma describes the commutation relations for the generators of Hr 
and Hi . 

Lemma 6.4. In Hr the commutation relations for the generators are given by: 

(6.21) V^^Vi^i — gVijiVijji^ W n <^ yn, ^jm^im — Q^im^jm^ ^ ^ ^ 3 1 

(6.22) VjjiVjjyi — V^jyiVjn^ Vjm^in ^in^jm {q Q ^^im^jn: ^ ^ ^ J; n <^ 771. 

In Hi the commutation relations for the generators are given by: 

(6.23) ImUm — ^I'imlmi ^ n <^ m ] ^ivn\jm — Q^jvnXirai ^ ^ ^ j] 

(6.24) Imiljji Ijnlimi lml^>n l^m^in ijl Q ^^j'nXim} ^ ^ ^ J and 77 <C 777. 

As well, for all i,j, we have that 

(6.25) I11I22 • ■ ■ Inn = riir22 • • ■ t^nn = £ and rur^j = l^ljj = Ijjlij = rjjru. 

Proof Relations ((OT|) to (pTM)) follow from ([gT|) to ([Q]) together with ((i3)l . ((iTB)) . 
The first relation in ((OS)) follows from ((6J2)) . ((6T9)) and Corollary [Ol By the 
second relation in (I6.24p we have that hi^jj ~ ^jjhi — {q ~ <l^^)^jihj if i < J, and 
Ijjlii — Uiljj = (9 ^ q^^)Ujlji if j < i- By (|6.19|) . these are both 0. Therefore, 
— Ijjlii, for all 1 < 7,j < iV. □ 

Note that (f02l) and ((6?24| imply that 

T^jm^in — TCinVjm if 7 < j, u < m and either i > m or j > n; 

(6.26) hrJ-jm = Ijmlm if 7 < j, 77 < 777 and either i < m or j < n. 
We now describe another set of algebra generators for Hi and Hr. 

Proposition 6.5. Let 1 <i < N and 1 < s,t < N — 1 and define: 

Fs ■= ls+i^s+ils+i,s = gls+i,sls+i,s+i; 

Fs ■■= {q - q^^y^r-^^rs,s+i = {q - q^^r^qr^^s+ir^s^ ■ 
As an algebra Hi is generated by Ki, , and the Eg, with the following relations. 



(6.27) K,Kj - K,K,, K,K, ' = K, ^K, - e, K^K^ ■■■Kn^s; 

(6.28) K.EtK;' = q^^-'-^-^+^Eu 

(6.29) EtEs = E,Et, if \ s ^ t \> 1; 

(6.30) E^^Et - (g + q-^)E,EtEs + EtE^ = 0, if\s-t\= 1. 

Similarly, Hr is generated as an algebra by the Ki, , and the Eg, with 
relations {6.27^ and 

(6.31) K.EtR;' = 

(6.32) EtEs^EsFt, if \ s - t \> 1; 

(6.33) E^Et ~{q + q-^)F,EtF, + FtE^ = 0, if\s-t\=l. 
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Proof. We prove only the statements for Hi; the proofs for Hr are similar. Note 
that the map Ki i~> , Eg i—f F^, is a, well defined algebra isomorphism from Hi 

to Hr- 

Since {1^ | i > j} is a set of algebra generators for Hi, it suffices to prove that 
for any 1 < i < N and I < j < N ~ i the element U+j i can be written as a 

linear combination of products of the elements Ki , • • ■ , K , Ei, ■ ■ ■ , E^^i to see 
that these elements generate. For 1 < i < — 1, we have h+i.i — Ki+iEi — 
q~^EiKi+i. Suppose that l^+j i can be written as a linear combination of products 
of the elements Ki , • • • , Kjq , • • • , i?7v-i- By the second relation in ()6.24p . 

h+jAi+'j+i.i+'j ^ h+j+i,i+jh+],i ^ {q - q 

for all 1 < j < N — i — 1. Now we compute 

= (q-Q ^) ^[h+j,2h+j+i,i+ji^+j,i+j - h+3+i,i+jh+j,ih+j,i+j] 
j6.23l6.2^ / -In i i-i i i-i i i 



^ {q^ - - q-^E,+,k,+,+,k:^l^h+,,,l 

and the statement follows by mathematical induction. 

Now we show that ()6.27p to (|6.30p hold. Relations (|6.27p are immediate from 
(|6.25p . In order to prove (|6.28p observe that 

We now verify (|6.28p case by case. 

Case I: If i < f or i > i + 1, by (|6.24p we have XuXt+i^t = Xt+i^t^u, and therefore 

k.Etk'^' = lr+i,t+ilt+i.t ^Et = q'-^-'-^+^Et. 
Case II: E i = t, by (|6.23p we have luh+i,t ~ qh+i.tht, so that 

KtEtk;' = (7ir+i,t+ii*+i,t = qEt - 

Case III: If i = f + 1, again using (|6.23p we have lt+i^th+i,t+i = qh+i,t+ih+i,t, and 

Now to verify (|6.29p . we first note that if t < s — 1, (|6.26p implies that the pairs 
lt+i,t and ls+i,s+i, lt+i,t and h+i^s, and h+i^s and It+i^t+i commute and thus 

EtEs = (^ilt+i,tl^^i Js+i,s = EsEt. 

If i > s + 1 then s < t — I, so interchanging s and t in the argument above we 
obtain EsEt — EtEg. 

It remains to prove the relation in (|6.30ll . We first compute 

EsEs+l = \gli,.j^^\s+l,s'^s+2,s+2^s+2,s + l 

i6.26[ ,-1 ,-1 , , 

'■s+l,s+l'-s+2,s+2'-s+l.s>-s+2,s + l 
^^3^ ls+2,s+2ls+l,6 + l[ls+2,s+lls+l,s + {q- '7^"^)ls+2,sl.s+l,s+l] 

i6.23l6.24l i -1,-1 , 1-1 1 , / -iM-i 1 

q ls+2,s+2is+2,s+lis+l,s+lis+l,s + (,9 - 9 jls+2, 8+2^5+2, s ■ 
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In other words, we have proved that 

(6.34) E,E,+, - q-'Es+iE, + {q - g-i)i;+\^,+2U2,s, 
for aU 1 < s < — 2. Clearly, this is equivalent to 

(6.35) Es+iEs = qEsEs+i - q{q - 9"^)17+2,s+2ls+2,s, 
for all 1 < s < — 2. Using the two relations above we obtain 

EgEs+i = q^^EsEs+iEs + {q - q^^)Eslgl2,s+2^s+2,s, 
Es+iE^ = qEsEs+iEs - q{q - q^^)\gl2,s+2'^s+2,sEs, 
from which we compute 

EgEs+i — {q'^^ + q)EsEs+iEs + Eg+iE'^ 

= [q - q ^)[Esis+2,s+2h+2.s - qh+2.s+2^s+2.sEs]. 

Now, since 

Es'i-s+2,s+2^s+2,s ~ ^s + l,s+l^s+l,s'i-s+2,s+2^s+2,s 

i6.26[ ,-1 ,-1 , , 

= '■s+l,s+l'-s+2,s+2'-s+l.s>-s+2,s 

i6.23[ 1-1 1-1 1 1 

= 'i'-s+2,s+2'-s+l,s + l'-s+2,s'-s+l,s 

16.24[ 1-1 1 1-1 1 — 1 p 

= q'-s+2,s+2'-s+2,s>-s+l,s+l'-s+l,s — q'-s+2,s+2'-s+2,s-t^s, 

it follows that E^Es+i - {q^^ + q)EsEs+iEs + Es+iE^ = 0, for all 1 < s < TV - 2. 
Similarly, again using (|6.34p and (|6.35p we have 

Es+iEs = qEs+iEsEs+i - q{q - q ^)i?s+ils+2,s+2ls+2,s, 
EsEl^i = q^^Es+iEgEs+i + [q - q^'^)\^l2.s+2^s+2,sEs+i, 
and therefore 

El+^Es '{q + q-^)Es+iEsEs+i + E,El+^ 

= (q - q ^)[^s+2.s+2^s+2,sEs+l - gi?s+lls+2,s+2ls+2,s]- 

Now, we have 

z7 1-1 1 i6.23[ 21-1 1 1 1-1 

q^s+lls+2.s+2'-s+2,s ^ q l-s+2,s+2'-s+2,s + ll-s+2,sls+2,s+2 

i6.23[ 1-1 1 1 1-1 

Q'-s+2.s+2'-s+2,sls+2,s+ll-s+2,s+2 

i6.23[ 1-1 1 1-1 1 - 1-1 1 p 

'■s+2.s+2'-s+2,sls+2,s+2'-s+2.s+l — is+2, 5+2^5+2, s^s+1 , 

and therefore E^^^^E, ~{q + q-^)Es+iEsEs+i + EsE^^^ = 0, for aU 1 < s < iV - 2, 
and this finishes the proof. □ 

Next we fix some notation: 

Definition 6.6. For any x and y, let [x, y\q :~ qxy — yx. 

(i) For 1 < i < j < AT, define J^i,, := 1, Ti^i+i := q{l - q~'^fFi, and 

:= qil - q-y-'+'[F,^,, [F,_2, • • • [F,+i,F,], ■ ••],]„ for j>i + 2, 

i.e., the Tij are defined inductively by J^ij+i = (1 — q^'^)[Fj,Tij]q. 

(ii) Similarly, define £jj := 1, £j+i.j ■= q~^Ej and, 

q^\q' ~ ■ ■ [[E,,E,+i]„E,+2U, ■ ■ ■ ,S,-i]„ for i>j + 2, 

i.e., the £ij are defined inductively by £i+ij — {q^ — l)^^[£ij,Ei\q. 
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Now, using Proposition 16. 5( Uj and can be expressed in terms of the new 
generators , Es and Fs in the spirit of Serre relations. 

Corollary 6.7. For 1 < i < j < N , we have that Iji ~ Ej iKj, and Vij — J-i_jKi. 

Proof. We prove the statement for r^ by mathematical induction on j; the similar 
proof for \ji is left to the reader. If j — i, the statement is clear. If j = i + 1, 
then the statement follows from Lemma 16.41 and the definitions. Now assume that 
Tij — TijKi for Yij with j >i + 1 and we show that it holds for ri ^+i. By (j6.22p . 
we have 

and thus 

Tij+i = (9-9"^)"Mi"jJ+ii'ijrTi -r,jrj-j+ir-j] 

^ {q- g-i)-i[gr,,,+irTir,, - <r'v,,vT^v,,+^ 

^ (9-g-i)[F,r,,^-g-V,,F,] 

= {l-q-^)[F,,V,,,], 

= (1 — q^^)[Fj^!FijK.i\qhy the induction assumption 
™ {l-q-%F„T.^j\,k, 

= (1 - q^^)^i,3+iKi, 

and the proof is complete. □ 

The next proposition describes the comultiplication, counit and antipode for Hi 
and Hr- 

Proposition 6.8. The coalgehra structure A, e and the antipode S for Hi are 
determined by 

(6.36) A(xf' ) = ® kf\ eikf) = 1, 

(6.37) A(^,) ^sC^Es + Es® k^l.ks, eiE,) = 0, 

(6.38) Sikf) ^ kj\ S{E,) =. -Esk'^^ks+u 

for 1 < i < N and 1 < s < N — I. Similarly, the coalgebra structure A, e and the 
antipode S for Hr are determined by 116.3 6]) . the first equality in 16'. 38\) and 

(6.39) AiFs) - ® £ + k,+ik^^ ® Fs, e(F,) = 0, 

(6.40) SiFs) = -ksk'sliFs- 

Proof. We give the details for Eg and leave those for Fs to the reader. Also, we 

note that the algebra isomorphism Ki ^ , Es ^ Fs, defined in the proof of 
Proposition [531 is actually a Hopf algebra isomorphism between Hi and H!^°^. 
Now, we compute: 

s+l 

A{Es) - A(i;+\^,+ii,+i,,) - ® i;+i,.+i) h+i,k ® ifc. 

k—s 

= Es (E) k silks + e(S)Es, 
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as needed. Also, s{Es) = £(17+i_5+ils+i,s) ~ Ss+i^s — 0, for all 1 < s < — 1. The 
formula for S{Es) is then immediate. □ 

— 1 ^ ^ — 1 

Remark 6.9. For l<i<A^ — Iwe now define Ki := K^^^Ki — KiK^^^, and then 
define H[ to be the subalgebra of Hi generated by {K^^ , Ei\l <i < N — 1}. From 
Proposition l6.5l one can easily see that the relations between the algebra generators 
of H[ are dODD and 

(6.41) K^^Kf^ - £, K,Kj - K^K,, K,E,Kr^ = q^'^E,, 

for all 1 < i, J < — 1, where an — 2, = —1 if | i — j |= 1, and a,;j = if 
i — j I > 1 . Actually, H'^ is a Hopf subalgebra of Hi . The induced Hopf algebra 
structure is given by 

A{E^) ^e®E,+E,®K,, e{E,) = 0, 

S{Kf')=Kf \ S{E,)^-E,K-\ 

for all 1 < I < A^ — 1. Similarly, define H'^ to be the subalgebra of Hr generated 
by {K^,Fi I 1 < i < A^ — 1}. Then its algebra generators satisfy the relations in 
(lO^ . the first two relations in fCTl) and 

(6.42) K.FjKr^ = q-'^-'Fj, V 1 < i, j < A - 1, 

where the scalars defined above. Moreover, H'^ is a Hopf subalgebra of Hj.- 

The elements -fC^^ are grouplike elements and 

(6.43) A{Fi) = ® + e, e(F,) = 0, S{F,) = -K,F,, 

for all 1 < i < Af — 1. Also, the map Ki t-^ K~^, Ei Fi, is well defined and a 
Hopf algebra isomorphism from H[ to H'^°^ . 

We can now describe the Hopf algebra structure of H„ := HiH^. 

Proposition 6.10. The Hopf algebra He := HiHr can be presented as follows. It 

is the algebra generated by {K^ | 1 < * < A^} U {Es,Fs | 1 < s < A^ — 1} with 
relations ( f07| j- ifOg|] and 

(6.44) E,Ft - FtE, = S^Aq - q-')-'[K sK^li - K'^^ K s+i], 

for all \ < s ,t < N — \ . The Hopf algebra structure of H^ is given by the relations 
in Provosition 1 6. 8[ In other words, Her = C^g'^*(slAr), the extended Hopf algebra of 
t^g(sljv) defined in 9, Section 8.5.3]. 

Proof. It remains only to prove (|6.44p . It suffices to show first that (|6.44p holds 

when applied to Xmn for all 1 < m, n < A^, and then to show that if the maps in 

(|6.44p are equal on a and h then they are also equal on ab. 

The relations from Lemma [6.21 will be key in the following computations. Also 

^ — 1 

we will sometimes use the notation Kg = KsK^^^ from Remark 16.91 

Recall that Ki{xmn) = hi{xmn) = zq^'-"'^S„i,n by (|6.18|) and K^ (a;„i„) = 

^u\Xmn) = Z'^q'^^'^5m,n by ■ ThuS, 

N 

k=l 

= g"'''"''' + '(9 - q^^)ds+l,nSs.Tn = (g - q^^)Ss+l,„6s,Tn- 
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Similarly, we compute Ft{xmn) = {l — 1 ^) ^St,nSt+i,m, and therefore 



N 



EsFt{Xmn) = ^Es{Xmk)Ft{xUn) = [q- q ^)5s,mFt{Xs+l.n) 
k=l 

and 

n 

FtEsiXmn) = '^Ft{Xmk)Es{xkn) = {q - q^^y^St+l,TnEsixtn) 
k=l 

We conclude that 

(6.45) [EsFt - FtEs){Xmn) = Ss^t[5s.m - Ss + l,m]Sm.n- 

On the other hand, we have 

1 ^ 1 

K sK s+li'^mn) = K g[Xmk)K s+li'^kn) 

k=l 



Similarly, ^ q^^+^~^-^'^^5„ 

Since 

{0 ,ifm^{s,s + l} 

q-q~^ , if m^s 

— (g — q^^) , if m = s + 1 

it foll ows t hat 6s,t{q - q^^Y ^Kg - KY\{xmn) = ^sA^s,m - <5s+i,m]'5m,n- Together 
with (|6.45p this proves that (|6.44p holds on generators. 

Since the Kg are grouplike, the right hand side of (|6.44p is (if^, iir7^)-priniitive. 
Also the left hand side is (/Cg, i^j~^)-primitive. This follows from the fact that the 
matrix (aij)\<i^j<N defined in Remark 16.91 is symmetric, and thus 

K^E, ® FtKg =. q-"-'^EgKY ® q^^'K^Ft = E^K^ ® K^Ff 

If s ^ t, then both sides of ()6.44|) are on generators a,b £ SLq{N), and thus, 
being skew-primitive, on ab. Otherwise, both sides are (i^s, _ftrjr^)-primitive and 
thus equal on the product ab. The statement then follows by induction. □ 

From Proposition 16.81 and Proposition 16.101 we conclude that the Hopf algebras 
Hi and are precisely Uq{b^) and Uq{b+), the Borel-like Hopf algebras associated 
to Uq^^{s\N). The fact that Uq{b-i^y°P and Uq{b-) are Hopf algebras in duality is 
well known but using the general theory above we are now able to present a more 
conceptual proof. 

Corollary 6.11. The pairing (, ) : Uq{b+) ® [/q(b_) k defined by 

{K,,Es) = {K;\Eg) = 0, {Fs,Kj) = {Fs,K;') = 0, 
{Fs,Et)^iq^q-Y'Ss,t, 
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for all 1 < i, j < N and 1 < s,t < N — 1, defines a duality between Uq{b+y°^ and 
Uq{b-) as in Proposition \4.4\ 

Also, Uq(b-) is self dual, in the sense that there is a duality between Uq{b-) and 
itself given for all 1 < i, j < N and 1 < s,t < N — 1 by 

{k,,k.f) = {k;\K;') = z-'q-'-, {k,,k;') = {k;\kj) = zq'-^, 

{K,,Es) - {Ki\E,) = {Es,K,) = {Es,k;') = 0, 

{E,,Et)^iq~q-Y'Ss.t. 

Proof. The first set of equations follows from ProDOsition l4.4l and from (|6.8p - (|6.1ip . 
We verify only the third equation of the first set. Note first that {vss, hj) = unless 
i = j hy ((6?8l) - (l6lT|) so that {rjJ-,Et) = 0. Now we compute 

{Fs,Et) = iq-q-Y^r;,hs,s+i,E, 



iq-q-')-^[{r-,\s){rs,s+i,Et) + {r-,\ Et){rs,s+i, Kt+iKt)] 

+ lt+i,t+i)(rs+i,s+i, lt+i,t)] 

= (q - q^^y^k^_^_J^{xss)h+l,ti^s.s+l) 

™ll _ q-^^z-'q-'-^-^ziq - q-')6,, ^ {q - q-^'Ss,, 

as we claimed. The second set of equations follows from the isomorphism between 
i/™P and Hi described at the beginning of the proof of Proposition 16. 81 □ 



Corollary 6.12. The Hopf algebra U^^^(s[n) is isomorphic to a factor of the gen- 
eralized quantum double D{Uq{b+),Uq{b-)) = D{Uq{b-f°P,Uq{b-)). 

Proof. It is an immediate consequence of Corollary 16. Ill and Proposition 14.51 □ 

Remark 6.13. Further to Remark ESI define H'^ = H[Hl = H'^ = KH[, a Hopf 
subalgebra of = J7™*(slAr). As expected, H'^ = Uq{s\N), the Hopf algebra with 
algebra generators {K^^, Ei,Fi \ 1 <i<N~l} and relations from Remark [Ql as 
well as ^ 

E,F, - F,E, = , V 1 < i, J < iV - 1, 

from Proposition 16 . 1 Ol The comultiplication, the counit and the antipode are de- 
fined in RemarkHH (For more details see [i VI.7& VH.9].) 

Note that and i?/ are exactly the Borel-like Hopf algebras associated to 
Uq{s\N) and the situation is similar to that of Corollarv l6.1H i.e., there is a duality 
on i7;™P (g) H'l given by 

{K,,E,) = {K-\Es) - {Fs,lQ = {Fs,K-') = 0, 
{Fs,Et)^{q-q-Y^Ss,t, 

for all 1 < i,j < iV and 1 < s,t < N — 1. Moreover, since H!^'^"^ is isomorphic 
to H'l , then H'^ is self dual and the generalized quantum double D{H'^,H[) = 
D{{H[Y°'^ ,H[). Furthermore, one can easily see that the associated generalized 
quantum double D{H'^,H[) can be identified as a sub-Hopf algebra of D{Hr,Hi); 
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hence we have a Hopf algebra morphism from D{H^, H[) to Ha- The image of this 
morphism is iJ^, so t/g(slAr) is also a factor of a generalized quantum double. 

Corollary 6.14. The evaluation pairings on [/°''*(sljv) ® SLq(A^) and Uq{s\M) 'S) 
SLq{N), are given by 



{Ei,X„in) = {q - q^^)Si+l,nSi^m, {Fi,Xmn) = (q - Q^^)^^ St^nSt+l,m, 

respectively. 

Proof. Both U°^^{s\n) and Uq{s\N) are Hopf subalgebras of SLq{N)°, so the eval- 
uation map gives dual pairings. The formulas for the pairings come directly from 
Lemma |6^ or from the proof of Proposition 16. 101 □ 

From Theorem 14.81 SLq{N) is a braided Hopf algebra in the braided category of 
left Yetter-Drinfeld modules over Uq^^ {sInY"^ ■ We end this paper by computing 
the structures of the braided Hopf algebra SL^ (N) . First we need the following. 

Lemma 6.15. For any I < s < N — 1 and I < m,n < N we have 

(6.46) ls+l,siS{x„in)) = -Z^^iq - q^'^)Ss+l,nSs.Tn, 

(6.47) rs^s + l{S{Xmn)) = -Z^^q^'^{q - q^^)6s,nSs+l,m- 

Proof. As usual, we only prove (|6.46p : (|6.47p can be proved similarly. Recall that 
is obtained by replacing q by q~^ and z by z^^ in (|6.6p and (|6.7p . We compute 

ls-t-l,s(*S'(Xmn)) — ^{S {Xm7i\ Xs-\-l^s^ — ^ (^^mn , ^s+l,s ) 

= z"^[g"'''"'=+i(5„i,„(5s,s+i + [s + 1 > m\((f'^ - q)8s+\,n^s,m\ 

= -Z^^{q- q~^)bs+\,r3s,-m, 

since [s + 1 > m](5s,r?x = '5s,m, so the proof is complete. □ 

Now we can describe concretely the left Yetter-Drinfeld module structure of 
SLg(iV) over f/°'^*(slAr)'=°P. 

Proposition 6.16. SLg(Af) is a left Yetter-Drinfeld module over [/^'^*(slAr)'^°P via 
the structure 

K i [> Xmn — q ' Xmn ; ^ i ^ Xmn — Q ' ' Xmn i 

Es > Xmn = (1 - q^^)[q^^Ss+l,nXms - + (5s, mS^s+ln] , 

Fs >Xmn = - q^^y^[q^''-"'^^''^^-"'SsmXms+l - q^^ Ss+l,mXs„], 

N ^ 
Xmn ' ^ ^ ^ q ^ ^j.n-^ j m '^m^' 

l<i<m-l peBi,m 
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where the £ij are from Definition \6.6\ Also for i < m — 1, Bi.m denotes the set 
of bijective maps p : {i + 1, ■ ■ ■ , m} {*,•■■ i ~ 1} such that p{k) < k, for all 
i + I < k < m. 

Proof. We apply Proposition l4.7l to this setting. By (I4.13p . and recalling again from 
(fOSi and (|6?20| that (a;™„) = {zq^'-"')^^5,n,n for l<i,m,n< N, we have 

±1 ^ ±1 ^ Tl ±1 

Ki I>.T™„ = ^ {S^^{Xjnj)S^^{Xkn))Xjk ^ (^mj)-^i {Xkn)Xjk 

j,k=l j,k=l 



Next, using (|6.46p . we compute 



N 



i=l 

= Zq^' + ^'"ls+lsiS{x„in)) = -q^' + ^ "iq - q^^)ds,mSs+l,n 

= -q{q - q^^)Ss,m5s+i,n- 

Now, we use the above computation together with the fact that Es{xmn) = (q ^ 
q~^)Ss+i,nSs,m and Ks{xmn) — q^"^'--"^~'^''-"^Ss.m from the proof of Proposition lOOl 
to compute the action of Es on Xmn- 



N 

'_ ^ ^ Eg[S ^{Xmi)S {Xjn))Xij 

i— I— — 1 ^ 

J2 [q'^'~"^6r,M^jn) + q'^'''-'^+'^'-''^Es{S{Xr,,))K:l,K,^^^^ 

N 

= q^^iq - q^^)[q^^5s+l^nXrns - Ss^m q^'^^~"'^Ks{Xjn)Xs+lj] 

= (1 - q^^)[q^^Ss+l-nXrns - q^'-"'^' + ^-" Ss,mXs+ln], 

as claimed. Similarly, one can compute Fs > Xmn] the verification of the details is 
left to the reader. 

Finally, from and (pT^ . we see that the coaction of C/°''*(slAr)™P on 

SLg{N) is defined by 

N 

i,i=l l<i,j<N 

From (I6.13P we have 

pes,.™ 

= (^f?)' ™ ^ (^9) ''^''1a',p(A') • • • li+l,p(i+l)li-l,p(i-l) • • ■ ll,p(l)) 

and this forces k > p{k), for any k ^ i. Since p is bijective, non-zero summands 
occur only when 
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(i) i ~ m and p{k) = k, for all k ^ i] 

(ii) i < m — 1 and p{l) = 1, • • • ,p{i — 1) = i — 1, {p{i + 1), • " ' 7P(™)} — 
{i, • ■ • , m — 1}, p(m + 1) = m + 1, ■ • • ,p{N) — N, and p(fc) < fc, for any 
fc G {i + 1, ■ • • , m}. 

In other words, we have proved that ls(x„„j) ~ Imnu ^^'^ that for 1 < j < m — 1, 

= {^QY ™ ^ ( — 9) Wat • ■ • lm+l,m+llm,p(m) ■ ■ ■ ■ ■ ■ 111- 

From (|6.26p . fori + l<fc<m, m + l<t<Af and 1 < s < i — 1 we have 
(6-48) l^.p(fc)ltt = hthp{k) and Isslfcp(fc) = lfcp(fc)lss, 

so that, using (|6.25p . we have 

for 1 < i < TO — 1. Now, by CoroUarv 16.71 we have lkp{k) = £k,p{k)Kk, for all 
e {i + 1, ■ • ■ , to}. In particular, if i = to — 1 we then have 

_^ — 1 — 1 _^ ^-1 

ls'(a:„i) = ^9 lmp(m)-^m-l-^?ri = ^9 £m,p{m)K ^ . 

Now let 1 < i < TO - 2. From ([QS]) it follows that KsEt = i^t-^s, for aU s > t + 1, 
so from the definition of £ij we conclude that Km-t£k,p{k) — £k,p{k)Km-t, for all 
0<t<m — i — 2 and i + l<k<m — t — 1. Consequently, 

for all 1 < i < TO — 1. Again using Corollarv l6.7l for lj„ and the formulas above for 
^S{x,ni) obtain the coaction in the statement of the theorem. □ 

We now apply the results of Theorem 14.81 to obtain the multiplication, comulti- 
plication, unit, counit and antipodc for Shq{N). 

Theorem 6.17. The structure o/SLg(iV) as a braided Hopf algebra in the category 
of left U°^^ {s\nY°^ Yetter-Drinfeld modules is the following. The unit and counit 
are as in SLq(iV). The multiplication is defined by 

-[m > n]q^'-"{q - q^^)xinXjm - [m > n + l](q - q^^f6^^n ^ g^^^'^^^Xs^a^jm- 

n<s<m 
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Comultiplication is given by 

S 

-Si,,n g^^'+'^-'^xts (g) a;st + a;^^' x^„^] + {q - q^^f[ Y ^^'^^^^rn ® X^s 

s;t>i s>i,m 

~[i> m]g2'+^ ^Xsm (g) x^s ~ [m > ^ x^™ «) a;,^] 

s>i s>m 

where we denoted x^'^ :— ^ q'^'^Xss- The antipode is determined by 

s>k 

Six.rn) = g"^+Mg"'™"''-^(a:.™) - {q - q-')5,^rnS{x>"')], 
where x^™ ^ q^^'^Xss and S is the antipode ofShq{N). 

Proof. From Lemma 16.21 we have 

hjix„in) = Zq^""''SmMSi,j + [i > j]z{q - q^'^)Sn,id,n,j, 

where 1^ denotes the map a~^(—,Xij) = 15-1(3;.^). 

Now, the multiphcation of SLg(iV) from Theorem l4.8l can be rewritten as 



xoy = a ^{x3,y2)a-{S^{xi),y3)x2yi, 
and together with (|6.14p this allows us to compute 

N 

Xini Xjn — ^ ^ q ^ ^ {xtm-j Xuv)o'(^Xis Xvn^X stXju 

s,i,u,D — 1 
AT 

^ ^ q ^ ^^uvi.Xtm'}^vn(^Xis^XstXju 
s,t,u,v — l 
N 

q^^'^'H9^^''"^t-^rnSu,v-[u> v]{q~q-^)6^,uSy^t) 

s,t.u,v — l 

X (g*''"(5i,s<5i.,n + [v > n\{q - q^'^)6s^v6i^ri) XstXju- 

Splitting the sum above into four separate sums, we obtain the formula in the 
statement of the theorem. 

The computation of A{xim) is much more complicated. Firstly, observe that the 
comultiplication in Theorem 14.81 can be rewritten as 

(6.49) A{x) = a{xi,xe)a-^^ix2,xs)cr{x4,xg)v{x5)x3 ^ X7, 
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where v is the map v{y) — a{yi, S{y2)) as in ()2.8p . Next, we compute 

N N 

k=l fc=l 
AT 

= J2 ^~\^^""~''Hq~'"'kkSk,m -[k>m]{q- q-^)S,,„r) 
k=l 

= z-'[q-'-- - qil - q--') (9^')'""]^.,™ 
for all 1 < TO < A^. Therefore, by (|6.49[) we have 

N 

A{Xi,n) = ^ hf{Xia)igh{Xab)hm{Xcd)v{xde)xbc<E) Xfg 

a,--- 1 
N 

Yl q-^^""-"^-' [q'^-'S^^aSdJ + [d>f]{q- q-')Sd,aS^j) 

a,b,c,d,f,g,h—l 

X {q^^'''''Sa,bSg,h -[g > h]{q- q^^)Sg^b5h,a) 

X {q^''-''dcMSh,7n + [h > m]{q ~ q^^)Sh^dSc,r,i) Xbc ® Xfg. 

Again, splitting the above sum into eight separate sums, a tedious but straightfor- 
ward computation yields the formula for A(xim) in the statement of the theorem. 

Finally, the equation for S_{xij) follows easily by the general formula in Theo- 
rem and by computations similar to the ones above. □ 
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